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Abstract. Following the historical track in pursuing T -equivariant flat toric degenera-
tions of flag varieties and spherical varieties, we explain how powerful tools in algebraic
geometry and representation theory, such as canonical bases, Newton-Okounkov bodies,
PBW-filtrations and cluster algebras come to push the subject forward.
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1. Introduction
One of the beautiful and astonishing properties of the theory of toric varieties is the
powerful dictionary translating algebraic geometry properties into combinatorial
properties in terms of lattices, cones and polytopes, and vice versa. It is hence
tempting to extend this powerful machinery to a larger class of varieties by studying
flat toric degenerations of a given variety.
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Several recent developments have enhanced the interest in flat toric degenera-
tions. One feature has been the evolution of the theory of Newton-Okounkov bodies
[52, 54] and its applications in algebraic and in symplectic geometry, see, for exam-
ple [26, 47, 48, 52, 53, 54, 59, 65, 74, 86]. The theory of Newton-Okounkov bodies
attaches a monoid Γ = Γ(X,L) and a convex body ∆X,L to a polarized (smooth)
complex projective variety (X,L). If Γ is finitely generated, then Anderson [2],
Harada and Kaveh [48] show that there exists an integrable system F on X such
that the associated momentum map µF : X → RN has ∆X,L as image, and there
exists a flat degeneration of X into a projective toric variety XT for a complex
torus T ≃ (C∗)N having ∆X,L as associated momentum polytope. In addition,
the integrable system generates a torus action on the inverse image under µF of
the interior of the moment polytope, inducing a T-equivariant symplectomorphism
between this open subset of X and an open subset of XT.
A second feature is the program of Gross, Hacking, Keel and Kontsevich [46]
concerning (partially compactified) cluster varieties (like flag varieties, double
Bruhat cells etc.). For a given cluster variety X , let X∨ be its mirror dual and
denote by X∨(RT ) its tropicalization. For every seed one gets an identification
of X∨(RT ) with a lattice in some RdimX . This allows them to generalize basic
polyhedral constructions from toric geometry in a straight-forward way. In this
setting, a polytope Ξ ⊂ X∨(RT ) (in the generalized sense) corresponds to a com-
pactification X̂ of X . For any seed S one gets an identification of the polytope
Ξ ⊂ X∨(RT ) with a polytope ΞS ⊂ RdimX and a flat degeneration of the compact-
ification X̂ to an ordinary polarized projective toric variety with ΞS as associated
polytope. In the program proposed by Gross, Hacking, Keel and Kontsevich, there
are still many open questions left. For example, in the case of flag varieties it
is not clear yet whether the assumptions necessary for the program to work are
fulfilled. Only recently Magee [71] announced a proof of several conjectures on the
cluster structure of SLn/U . Gross, Hacking, Keel and Kontsevich conjecture [46]
that their approach specializes to a uniform construction of many degenerations
of representation theoretic objects to toric varieties. The results of Rietsch and
Williams [79] suggest that for flag varieties the two features: Newton-Okounkov
theory and the cluster approach, are connected.
To determine explicitly the Newton-Okounkov body is in general a very difficult
task. But to use the body to get, for example, estimates for the Gromov width, the
Seshadri constant, for symplectic packings [26, 47, 50, 53], to determine potential
functions [73, 74] etc., often a precise knowledge of the body is necessary. From
this point of view the flag variety case can be seen as a perfect toy model for the
theory. Since it is endowed with a wealth of additional structure (combinatorics
of root systems and Weyl groups, representation theory, enveloping algebra, etc.),
these extra features make it often possible to give an alternative construction of
the monoid Γ = Γ(X,L) and to give a precise description of the convex body ∆X,L.
For this reason we will stick in this overview to the case of flag varieties and make
sometimes remarks about spherical varieties. For other connections of Newton-
Okounkov bodies to representation theory see also the work of H. Seppa¨nen, for
example in [81].
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We will not be able to discuss all degenerations of flag varieties which can be
found in the literature but just present a selection. For example, we will not be able
to discuss the Gro¨bner degenerations of Graßmann varieties arising from tropical
geometry. More details on this can be found in [83]; a relation to the approach by
Rietsch and Williams in [79] mentioned above can be found in [8].
We explain now in more detail the content of the various sections.
In section 2 we will give a short introduction into the theory of Hodge algebras,
also called algebras with straightening laws. One of the first flat degenerations of
a Graßmann variety into a union of toric varieties has been constructed by Hodge
[49]. The ideas of Hodge have been largely generalized by De Concini, Eisenbud
and Procesi in the framework of Hodge algebras [17].
In section 3 we consider an extended version of Hodge algebras. For generalized
flag varieties, results similar to those of De Concini, Eisenbud and Procesi have
been obtained by Chiriv`ı [14] via upgrading the Hodge algebra to the Lakshmibai-
Seshadri (LS) algebra.
In section 4 we discuss the flat toric degenerations of flag varieties associated
to string parametrizations. A flat toric degeneration of the flag variety with an
irreducible special fiber has been given by Gonciulea and Lakshmibai [41] in the
case SLn/B, where B is a Borel subgroup, using standard monomial theory. This
has been interpreted geometrically by Kogan and Miller [58] using geometric in-
variant theory. A uniform construction for arbitrary reductive algebraic groups G
has been given by Caldero [10]. Let G be a reductive algebraic group G and fix
a maximal unipotent subgroup U . For every choice of a reduced decomposition
w0 of the longest word w0 in the Weyl group of G, Caldero constructs a flat toric
degeneration of the affine variety G/U . The construction relies on the associ-
ated string parametrization and the multiplicative properties of the dual canonical
bases. These results have been generalized to spherical varieties by Alexeev and
Brion [1], see also the articles by Kaveh and Kiritchenko [52, 55] for another ap-
proach via the framework of Newton-Okounkov bodies [54].
In section 5 we describe a new approach to determine Newton-Okounkov bod-
ies for flag varieties [24]. Roughly speaking, the idea is to replace G/B by a
birationally equivalent product of root subgroups. The latter leads then naturally
to a coordinate system for the function field of G/B and an associated lowest term
valuation. So each such product decomposition gives rise to a valuation monoid
Γ1. The (up to birational equivalence) decomposition of G/B as a product of root
subgroups induces also a filtration of the enveloping algebra U(n−) and of the finite
dimensional irreducible representations of G. This can be used to attach a second
monoid Γ2 to the decomposition, the monoid of essential monomials. It turns out
that Γ1 = Γ2, thus giving a representation theoretic interpretation of the valuation
monoid. Once one knows that the monoid Γ = Γ1 = Γ2 is finitely generated, the
methods used by Alexeev and Brion [1] apply also to this much more general situ-
ation. In particular, we can use the theory to describe degenerations of G-varieties
and not only of flag varieties.
The background of the filtration construction is a conjecture of Vinberg, which
leads to a new class of toric degenerations with irreducible special fibers, see [32]
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for G = SLn and Sp2n, see also [42, 43] for G of type D4 and G2. This construction
uses monomial bases obtained through a refinement of the PBW-filtration of the
corresponding universal enveloping algebra [30, 31].
In section 6 we discuss several examples. In particular, we show that the
combination of the approach via Newton-Okounkov bodies and the approach via
filtrations provides a general framework to study toric degenerations of generalized
flag varieties and spherical varieties: we recover the degenerations of flag varieties
associated to string parametrizations (section 6.1) as well as the toric degenerations
induced by a PBW-filtration (section 6.4), and provide new examples arising from
Lusztig parametrizations (section 6.3) of the canonical basis.
In section 7 we present an application of the method and determine the Gromov
width of a coadjoint orbit [26].
In section 8 we discuss some small rank examples.
In section 9 we give a very rough sketch on relations between the theory of
cluster varieties and toric degenerations [46, 71, 79]. To go into all the technical
details would blow up the framework of this overview.
We conclude the survey in section 10 with some open questions.
Acknowledgment. The authors would like to thank Ste´phanie Cupit-Foutou,
Konstanze Rietsch, Bea Schumann and Lauren Williams for helpful discussions
and suggestions.
The first author is funded by the Alexander von Humboldt Foundation. The
research of the second and third authors has been partially supported by the DFG-
Priority Program SPP 1388 - Representation Theory.
2. Graßmann varieties and algebras with straightening laws
Flat degenerations of Graßmann varieties have been already used by Hodge [49].
The ideas of Hodge have been formalized and largely generalized later by De
Concini, Eisenbud and Procesi. For more details we recommend [17], where they
introduce the notion of a Hodge algebra, also called an algebra with straightening
laws. To make the presentation easier, we state the results only over the complex
numbers.
Consider the Graßmann variety Grd(C
n) ⊆ P(ΛdCn) of d-dimensional sub-
spaces of Cn. We view Grd(C
n) as a projective subvariety of P(ΛdCn) via the
Plu¨cker embedding, that is the embedding defined by sending a basis (v1, . . . , vd)
of a d-dimensional subspace U to the class [v1 ∧ . . . ∧ vd] ∈ P(ΛdCn). By viewing
matrices as sequences of column vectors, we can view this embedding as coming
from the natural map
πd :Mn,d(C) → ΛdV
A = (v1, . . . , vd) 7→ v1 ∧ · · · ∧ vd. (1)
Note that the map is invariant with respect to the right multiplication by SLd(C)
on Mn,d(C). It provides by classical invariant theory an identification of the cate-
gorical quotientMn,d(C)/SLd(C) with the affine cone Ĝrd(C
n) over the Graßmann
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variety. In particular, after replacingMn,d(C) by the open subsetMn,d(C)−π−1d (0),
we get the desired identifications: subspaces of dimension d of Cn correspond to
(by fixing a basis) GLn(C)-orbits in Mn,d(C) − π−1d (0), and these orbits are (by
the map above) in bijection with the points in Grd(C
n).
Let Id,n := {i = (i1, . . . , id) | 1 ≤ i1 < · · · < id ≤ n} be the set of all strictly
increasing sequences of length d between 1 and n. The d-fold wedge product is
alternating, the ordered products of elements in the canonical basis of Cn form a
basis {ei = ei1 ∧ · · · ∧ eid , i ∈ Id,n} of ΛdCn, called the canonical basis of Λd Cn.
Denote by {pi | i ∈ Id,n} its dual basis in (ΛdCn)∗, the pi are called Plu¨cker
coordinates.
Denote by C[Grd(C
n)] the homogeneous coordinate ring of the embedded va-
riety, it is the quotient of C[pi | i ∈ Id,n] by the vanishing ideal I(Grd(Cn)) ⊆
C[ΛdCn] of the embedded Graßmann variety Grd(C
n) ⊆ P(ΛdCn). This ideal is
generated by the Plu¨cker relations (see [9, 82]).
We define a partial order “≥” on Id,n as follows: i ≥ j ⇔ it ≥ jt for all
t = 1, . . . , d. A monomial pi1 · · ·pir of Plu¨cker coordinates is called standard in
C[ΛdCn] iff i1 ≥ . . . ≥ ir. So what about monomials which are not standard?
The precise description of an algebra with straightening laws is somewhat tech-
nical, we try to explain what happens in this special case. The second fundamental
theorem in invariant theory describes the relations among the Plu¨cker coordinates
pi considered as functions on Ĝrd(C
n). If i and j are not comparable, then there
exists a quadratic polynomial in I(Grd(C
n)) such that
pipj −
(
pi∪jpi∩j + other quadratic terms
)
∈ I(Grd(Cn)). (2)
Here i∪ j = (max(i1, j1), . . . ,max(id, jd)) and i ∩ j = (min(i1, j1), . . . ,min(id, jd)).
Refine the partial order ”≥” to a total order ”≻” and denote with the same
symbol the induced lexicographic order on the polynomial ring C[Λd Cn], which
is a monomial order. One can show: all the terms in brackets of (2) are strictly
larger than pipj.
So if one has still some non-standard monomials in the bracket of (2), one may
repeat the procedure with these terms again. Since the new terms occurring are al-
ways of degree two and strictly larger in the monomial order, after a finite number
of repetitions one sees: a monomial, which is not standard, can be expressed mod-
ulo I(Grd(C
n)) as a sum of standard monomials. In addition, all these standard
monomials are larger in the monomial order than the monomial we started with.
Such an algorithm expressing non standard monomials as a linear combination of
standard monomials is called a straightening law.
An algebra with such properties: a basis consisting of a special class of mono-
mials, the standard monomials, together with relations expressing non standard
monomials as a linear combination of (larger) standard monomials, this is roughly
what is called an algebra with straightening laws.
In the case of the Graßmann variety we get more precisely (for more details
and other fields see [9], [17] and [82]):
Theorem 2.1. i) The standard monomials form a basis of C[Grd(C
n)].
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ii) I(Grd(C
n)) is generated by the straightening laws.
iii) There exists a flat degeneration of Grd(C
n) into a union of toric varieties,
taking the straightening relations to their initial terms. I.e., the vanishing
ideal of the initial scheme is generated by the monomials pipj for all pairs
(i, j) such that i and j are not comparable with respect to the partial order
”≥”. The initial scheme is a union of projective spaces, one for each maximal
chain in the partially ordered set Id,n.
Example 2.2. The Graßmann variety Gr2(C
4) ⊂ P(Λ2C4) is defined as the zero
set of the homogeneous equation
p[14]p[23] − p[24]p[13] + p[34]p[12] = 0.
The partial order on the set I2,4 is the following:
[12] < [13] < [14]
> >
[23] < [24] < [34].
The Plu¨cker relation above expresses the only quadratic non-standard monomial
p[14]p[23] as a linear combination of two standard monomials, modulo the vanishing
ideal. The degenerate version of Gr2(C
4) is the reducible variety defined as the
zero set of the homogeneous equation p[14]p[23] = 0.
3. Chiriv`ı’s extension to the generalized flag varieties
Let G be a complex semisimple algebraic group, we fix a Borel subgroup B and
a maximal torus T . Let Λ be the weight lattice of T and let Λ+ be the set of
dominant integral weights. For λ ∈ Λ+ let Pλ ⊇ B be a parabolic subgroup such
that λ extends to a character of Pλ and the associated line bundle Lλ on G/Pλ is
ample. For a dominant weight λ let V (λ) ≃ H0(G/Pλ,Lλ)∗ be the irreducible G-
representation of highest weight λ and fix a highest weight vector vλ. Denote by ι :
G/Pλ →֒ P(V (λ)) the embedding of the generalized flag varietyG/Pλ as the highest
weight orbit G.[vλ] ⊂ P(V (λ)) and let R = C[G/Pλ] be the graded homogeneous
coordinate ring of the embedded variety. As a G-representation, the latter is
isomorphic to
⊕
n≥0H
0(G/Pλ,Lnλ). It is natural to ask: does Theorem 2.1 have
an appropriate reformulation in this vastly more general setting?
3.1. The generalization and the price to pay. It turns out that Theorem 2.1
holds (roughly) without any changes. The price one has to pay is that the notation
becomes heavier and the construction of the basis given by the standard monomials
is not anymore as explicit as in the previous section: the indexing set Id,n is
replaced by the set of LS-paths of shape λ (see Definition 3.5 below or [66], LS-path
is an abbreviation for Lakshmibai-Seshadri path), the basis of (ΛdCn)∗ given by
the Plu¨cker coordinates is replaced by the path vectors (see Definition 3.8 below or
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[67]), we still have relations called Plu¨cker relations, and the Hodge algebra theory
is replaced by the theory of LS-algebras, a generalization of the Hodge algebras
introduced by Rocco Chiriv`ı [14].
The description we give now is sometimes a little sloppy, we try more to explain
where this construction comes from than to dwell in precise technical details, these
can be found in the corresponding articles.
3.2. LS-paths. Let W be the Weyl group of G, it comes naturally endowed with
a partial order ”>B” called the Bruhat order, and a length function ℓ : W → N.
The value ℓ(w) can be defined as the dimension of the associated Schubert variety
X(w) in G/B, or as the minimal number of terms needed to write w as a product
of simple reflections. Let N be the number of positive roots of G. A maximal
chain in W is a linearly ordered sequence w = (w0, w1, . . . , wN ) of Weyl group
elements such that w0 >B w1 >B . . . >B wN and ℓ(wi) = N − i. So w0 is always
the unique element inW of maximal length and wN is always the identity element.
Such a maximal chain gives rise to a sequence (β1, . . . , βN ) of positive roots such
that sβjwj−1 = wj .
Example 3.1. For G = SL3 the Weyl group W is the symmetric group S3
generated by the two simple reflections s1 and s2. The Bruhat order can be
recovered from the following four maximal chains:
w0 >B s1s2 >B s1 > id, w0 >B s2s1 >B s2 >B id,
w0 >B s1s2 >B s2 > id, w0 >B s2s1 >B s1 >B id,
leading to the following four sequences of roots:
(α2, α1 + α2, α1) (α1, α1 + α2, α2)
(α2, α1, α2) (α1, α2, α1).
Let λ be a dominant weight and let Wλ be the stabilizer of λ in W . The
length function ℓ, the Bruhat order, the notion of a maximal chain, the associated
sequence of positive roots etc., all this can be defined for the quotient W/Wλ too.
Let Nλ be the number of positive roots corresponding to the unipotent radical of
the parabolic subgroup Pλ.
Definition 3.2. Let λ be a dominant weight. An LS-chain of shape λ is a pair
πˆ = (w, a) , where w = (w0, w1, . . . , wNλ) is a maximal chain in W , (β1, . . . , βNλ)
is the associated sequence of positive roots and
a = (a−1 = 0 ≤ a0 ≤ a1 ≤ . . . ≤ aNλ = 1)
is a weakly increasing sequence of rational numbers such that
∀i = 0, . . . , Nλ − 1 : ai〈wi(λ), β∨i 〉 ∈ Z. (3)
Let ΛR = Λ ⊗Z R be the real span of the weight lattice. Given an LS-chain
πˆ = (w, a), then we define the associated path as follows, we set a−1 = 0:
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Definition 3.3. The associated LS-path π is the piecewise linear map:
π : [0, 1]→ ΛR, t 7→
m−1∑
j=0
(ai−ai−1)wi(λ)+(t−am−1)wm(λ) for t ∈ [am−1, am].
Different LS-chains may give rise to the same LS-path, up to reparametrization:
Example 3.4. Let G = SL3, fix λ = ρ and set a = (0 ≤ 1 ≤ 1 ≤ 1 ≤ 1). The four
LS-chains of type ρ: ((w0, s2s1, s1, id), a), ((w0, s2s1, s2, id), a), ((w0, s1s2, s1, id), a)
and ((w0, s1s2, s2, id), a) are LS-chains giving rise to the same path: the straight
line joining the origin with w0(ρ).
Let πˆ be an LS-chain, the associated LS-path π is obtained from πˆ by omitting
those entries for which the rational numbers are equal. More precisely:
Definition 3.5. Let πˆ = (w, a) be an LS-chain. For the weakly increasing se-
quence a = (0 ≤ a0 ≤ a1 ≤ . . . ≤ aNλ = 1) let 0 < i1 < i2 < . . . < ik ≤ Nλ be the
indices such that the value of the ai jumps, i.e.:
0 = a−1 = a0 = . . . = ai1−1 < ai1 = . . . = ai2−1 < ai2 = . . . < aik = . . . = 1.
The LS-path π of shape λ associated to πˆ is the pair of sequences
π = ((wi1 , . . . , wik ), (0 < ai1 < ai2 < . . . < aik = 1)). (4)
Example 3.6. For the LS-chains πˆ considered in Example 3 we get 0 < a0 = a1 =
a2 = a3 = 1 and hence π = ((s1s2s1), (0 < 1)).
It is now easy to see that Definition 3.5 is equivalent to the definition of an
LS-path in [66]. In fact, the definition given there means exactly that a pair of
sequences for π as above in (4) is an LS-path if and only if it can be extended to
an LS-chain in the sense of Definition 3.2.
Remark 3.7. One should think of a maximal chain as a geometric object, this is
also the way how Lakshmibai, Musili and Seshadri (see, for example, [62, 63, 64])
have been coming up with their combinatorics related to standard monomial the-
ory, which culminated in the conjectures about what now is called an LS-path. A
maximal chain in W corresponds to a maximal sequence of Schubert varieties in
G/Pλ, which are subsequently contained in each other. One should think of an LS-
chain πˆ as an object corresponding to a section sπ ∈ H0(G/Pλ,Lλ) characterized
by the “vanishing behavior” on the Schubert varieties occurring in this maximal
chain. The vanishing multiplicities should be given by the integers ai〈wi(λ), β∨i 〉.
The path vectors defined below mimic this behavior, up to filtration [67]. For a bet-
ter understanding of this interplay between algebraic combinatorics, geometry and
representation theory, it would be very good to have an explicit bijection between
the LS-chains/LS-paths and a basis of H0(G/Pλ,Lλ) with vanishing properties
precisely described by the LS-paths, and which characterize the section.
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3.3. Path-vectors. For a dominant weight λ, fix a lowest weight vector pid ∈
H0(G/Pλ,Lλ). For an element w ∈ W/Wλ choose an appropriate lift wˆ ∈ G and
set pw := wˆ(pid). Such a vector is uniquely defined up to a scalar multiple and is
called an extremal weight vector. The following definition does not make sense,
but it describes quite well what kind of properties the path vector should have:
Definition 3.8. Let πˆ = (w, a) be an LS-chain. The path vector pπ associated to
π is the section in H0(G/Pλ,Lλ) defined by:
pπ :=
q
√
pqa0w0 p
q(a1−a0)
w1 · · · pq(1−aNλ−1)wNλ
where q ∈ Z>0 is minimal such that qai ∈ Z for all i.
Some explanation: In the definition we switch from the LS-chain πˆ to the
LS-path π. It is easy to see that the product pqa1w0 p
q(a2−a1)
w1 · · · pq(1−aNλ )wNλ of extremal
weight vectors is independent of the chain we started with, i.e. if two chains lead
to the same path, then the corresponding products are the same.
It remains to say something about “q
√
”. The product of the extremal weight
vectors makes sense, this is a section living in H0(G/Pλ,Lqλ). It remains to explain
how to “take its q-th root”, i.e., how to produce out of the given section one in
H0(G/Pλ,Lλ). This is described in detail in [67], where a quantized version of the
Frobenius splitting is constructed, providing a map from H0(G/Pλ,Lqλ)ξ (i.e. the
module is viewed as a representation for the quantum group at a q-th root of unity
ξ) to H0(G/Pλ,Lλ) see also [60]. This splitting can be viewed as a procedure to
take a q-th root out of a section.
3.4. Standard monomials. Let λ ∈ Λ+ be a dominant weight and let π =
((wi1 , . . . , wik), (0 < ai1 < ai2 < . . . < aik = 1)) be an LS-path of shape λ. We set
i(π) = wi1 (the initial direction of the path) and e(π) = wik (the final direction of
the path).
Definition 3.9. Let π1, . . . , πs be LS-paths of shape λ. The product pπ1 · · · pπs
of the corresponding section is called a standard monomial in H0(G/Pλ,Lsλ) if
e(π1) ≥ i(π2) ≥ e(π2) ≥ . . . ≥ i(πs).
We say that two LS-paths π1, π2 of shape pλ respectively qλ have the same
support if there exist two LS-chains πˆ1 = (u, a), π2 = (v,b) (corresponding to
π1 respectively π2) of shape pλ respectively qλ such that u = v. If we have
such a pair, then we construct a new LS-chain πˆ = (u, c) of shape (p + q)λ,
where the cj are defined inductively as follows: c−1 = 0, and for j ≥ 0 we set
cj =
p(aj−aj−1)+q(bj−bj−1)
p+q . Note that πˆ is an LS-chain, denote by π the associated
LS-path. One can define on the set of all LS-paths a monomial order (a weighted
lexicographic order). For the following see [67]:
Theorem 3.10. i) The standard monomials form a basis of the ring
R =
⊕
n≥0
H0(G/Q,Lnλ).
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ii) Special Plu¨cker relations: Let π1, π2 be LS-paths of shape pλ respectively
qλ having the same support. Then pπ1pπ2 = pπ +
∑
η>π aηpη, where π is
constructed out of π1, π2 as above.
This theorem, which can be viewed as a generalization of Theorem 2.1, was the
starting point for Chiriv`ı [14] to generalize the notion of an algebra with straight-
ening laws. Applying this to the embedded flag variety, his theory implies:
Theorem 3.11. There exists a flat degeneration of G/Pλ →֒ P(H0(G/Pλ,Lλ)∗)
into a union of toric varieties T , one irreducible component for each maximal
chain in W/Wλ. The homogeneous coordinate ring of T has a basis {pη} indexed
by all LS-paths of shape nλ, n ∈ N, with multiplication rule: pπ1pπ2 = 0 if they
have no common support, and pπ1pπ2 = pπ if they have a common support, and π
is constructed out of π1, π2 as above.
Remark 3.12. For the extension to the multi-cone over G/Pλ see [14], for the
degeneration of Schubert varieties (the standard monomial basis is compatible with
all Schubert varieties) see [14, 15].
3.5. Other degenerations using standard monomial theory.
Example 3.13. The Gonciulea-Lakshmibai degeneration. It is natural to
ask for flat toric degenerations such that the special fiber remains irreducible. The
first degeneration of the flag variety SLn/B with this property was obtained by
N. Gonciulea and V. Lakshmibai in [41], they have been using standard monomial
theory. The essential point in their proof is the fact that the fundamental weights
are minuscule weights. This can be used to show that the indexing system for
a basis of every fundamental representation is endowed with a structure of dis-
tributive lattice. Roughly speaking, this allows them to degenerate the Plu¨cker
relation in (2) to the equation pipj = pi∪jpi∩j and not just to pipj = 0 for i, j not
comparable, as it is done using the theory of Hodge algebras. For more details see
[41].
Example 3.14. Generalization to Schubert varieties by Dehy and Yu. A
toric degeneration for Schubert varieties in the SLn-case is described in [20] by R.
Dehy and R. W. T. Yu. They use the polytopes described in [19] and methods
similar to those in [41]. Using LS-paths for semisimple or affine Lie algebras of
rank 2 (i.e. of types A2, B2, G2, A
(1)
1
or A
(2)
2
), R. Dehy [18] proves that there exists
a flat deformation for all Schubert varieties into a toric variety. The methods are
similar to those used in [20].
3.6. Irreducibility versus compatibility. It is easy to see that Chiriv`ı’s de-
generation is an example for a degeneration which is compatible with all Schubert
varieties, their unions and intersections simultaneously. One may ask whether
there exists a flat degeneration which is also compatible with all Schubert varieties
and, in addition, has an irreducible toric variety as a special fiber. Such a degener-
ation does not exist, as was already pointed out by Olivier Mathieu: intersections
of irreducible toric varieties are irreducible toric varieties, but an intersection of
Schubert varieties can be a union of several Schubert varieties.
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4. The variety G//U and Caldero’s degeneration
Again we start with a basis, this time it is the dual canonical basis of C[G/U ]
arising from the quantized enveloping algebra [51, 69, 70]. Having in mind the
result by Chiriv`ı and the construction by Gonciulea and Lakshmibai for G = SLn,
one may ask: Is there a flat family over SpecC[t] such that the generic fiber is G/Pλ
and the special fiber is a toric variety (so in particular, irreducible)? For G = SLn
the answer is yes by [41], see Example 3.13. A positive answer in the general case
was given by Caldero [10], he uses special properties of the dual canonical basis of
C[G/U ].
4.1. Some notation. Let G be a connected complex reductive algebraic group
isomorphic to Gss× (C∗)r, where Gss denotes the semisimple part of G, and Gss is
simply connected. Let LieG = g be its Lie algebra. We fix a Cartan decomposition
g = n− ⊕ b , where b is a Borel subalgebra with maximal torus t and nilpotent
radical n+. Let Φ be the root system of g and denote by Φ+ the set of positive
roots with respect to the choice of b. We denote by R the root lattice and by R+
the semigroup generated by the positive roots. For β ∈ Φ+, let fβ be a non-zero
root vector in n− of weight −β.
Let B ⊂ G be the Borel subgroup such that LieB = b, let U ⊂ B be its
unipotent radical and denote by T ⊂ B the maximal torus such that LieT = t.
We write “≻wt” for the usual partial order on Λ, i.e., λ ≻wt µ if and only if
λ − µ ∈ R+. We denote by B− the opposite Borel subgroup and let U− be its
unipotent radical, so LieU− = n−. Let n be the rank of Φ and n+ r be the rank
of G.
4.2. The variety G/U . One has a natural G×G-action on G by left and right
multiplication. The ring C[G]1×U of 1 × U -invariant functions (in the following
we write just C[G]U ) is finitely generated and normal, so the variety G/U :=
Spec(C[G]U ) is a normal (but in general singular) affine variety. Since 1 × T
normalizes 1×U , C[G]U is a natural G× T -algebra. As a G-representation (resp.
G× T -representation), its coordinate ring is isomorphic to
C[G/U ] ≃
⊕
λ∈Λ+
V (λ)∗ ≃
⊕
λ∈Λ+
V (λ)∗ ⊗ vλ ≃ C[G]U . (5)
So (1, t) ∈ G× T acts on V (λ)∗ ≃ V (λ)∗ ⊗ vλ by the scalar λ(t).
The variety G/U is endowed with a natural G-action, making it into a spherical
variety, i.e., a variety with a dense B-orbit. One has a canonical dominant map
ψ : G → G/U , inducing an inclusion G/U →֒ G/U and a birational orbit map
o : B− → G/U , b 7→ b.1¯ (where 1¯ = ψ(1)).
An element φ ∈ V (λ)∗ can be seen as a function on the open and dense subset
G/U →֒ G/U as follows: for a class g¯ ∈ G/U let g ∈ G be a representative. Then
φ|G/U : G/U → C, g¯ 7→ φ(gvλ). (6)
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4.3. The string cone. The algebra C[G/U ] has a basis with some remarkable
properties. Recall that Kashiwara and Lusztig constructed a global crystal basis
respectively canonical basis (two names for the same basis, see [44]) for representa-
tions Vq(λ) of the corresponding quantum groups. Specializing at q = 1, the dual
canonical basis B∗ is the basis of C[G/U ] =
⊕
λ∈Λ+ V (λ)
∗ dual to the canonical
basis B of
⊕
λ∈Λ+ V (λ).
The elements of the dual canonical basis are indexed by two parameters: a
dominant weight λ and an N -tuple of integers, where the latter depends on the
choice of a reduced decomposition w0 = si1si2 · · · siN of the longest word w0 in
W . Let B ⊂ Uq(n−) be the canonical basis and denote by B∗ ⊂ Uq(n) the dual
canonical basis. Using either Kashiwara operators on the crystal basis (see for
example in [68]) or using quantum derivations of Uq(n) (see for example [10]), one
defines a map Iw0 : B∗ → NN , which associates to an element b∗ ∈ B∗ its string
coordinates.
It has been proved in [68], see also [7], that the map is injective, and the image of
Iw0 is the monoid of integral points of a rational convex polyhedral cone Cw0 ⊂ RN ,
called the string cone. Let now Bλ ⊂ B be the subset of elements such that b.vλ 6= 0
in Vq(λ). One can identify Bλ with the canonical basis {b.vλ | b ∈ Bλ} of Vq(λ).
Let Bˆ be the disjoint union of the Bλ. In this way we can view Bˆ∗ as the disjoint
union of the dual bases B∗λ, and the parametrization of the basis elements is given
by the rule that bλ,m is the unique element in B
∗
λ ⊂ B∗ such that Iw0(bλ,m) =m.
Let
Γw0 = {(λ,m) ∈ Λ+ × NN | ∃λ ∈ Λ+, ∃b ∈ B∗λ : Iw0(b) =m}. (7)
It has been shown in [68], see also [7], that Γw0 is the monoid of integral point of
a rational convex polyhedral cone Cw0 .
So by the construction above, the algebra C[G/U ] comes equipped with the
basis B∗ = {bλ,m | (λ,m) ∈ Γw0}. The basis elements are T×T -eigenvectors, where
bλ,m is of weight λ for the right action and of weight −λ+m1αi1 + . . .+mNαiN
for the left action of T .
4.4. The degeneration. A remarkable property of the dual canonical basis is
the following multiplication rule proved by Caldero:
bλ,mbµ,n = bλ+µ,m+n +
∑
k>m+n
ck(λ,m),(µ,n)bλ+µ,k,
where “≤” denotes the lexicographic ordering on NN . So the multiplication rule
for basis elements can be described as: up to elements which are larger with respect
to the lexicographic ordering, the product of basis elements is the same as in the
monoid Γw0 , which is the index system of B
∗.
From this, Caldero deduces the existence of an increasing filtration of C[G/U ]
by T × T -submodules, such that the associated graded algebra, grC[G/U ], is
isomorphic to the algebra of the monoid C[Γw0 ]. In geometric terms:
Theorem 4.1 ([10]). The affine variety G/U admits a flat degeneration to a
normal affine toric variety X0 = SpecC[Γw0 ] for the torus T × T, where we put
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T := (C∗)N . Further, the degeneration is compatible with the actions of T × T on
G/U (regarding T ×T as a subgroup of G×T ), and on X0 via the homomorphism
of tori T × T → T × T, (t, t′) 7→ (t−1t′, αi1(t), ..., αiN (t)).
4.5. Degeneration of G/Pλ by Alexeev and Brion. For a given dominant
weight λ and a fixed reduced decomposition w0, the set of integral points
{(m) | ∃b ∈ B∗λ : Iw0(b) =m} ⊂ RN
is in bijection with the set of integral points of a rational convex polytope Qw0(λ) ,
called the string polytope for λ [7, 68]. This polytope has a geometric interpretation.
The following theorem holds (appropriately reformulated) in much more generality
for polarized spherical varieties and not only for flag varieties.
Theorem 4.2. [1] There exists a family of T -varieties π : X → A1, where X is
a normal variety, such that π is projective and flat, it is trivial with fiber G/Pλ
over the complement of 0 in A1, the fiber of π at 0 is isomorphic to X0, which is
a toric variety for the torus T. The string polytope Qw0(λ) can be recovered as the
moment polytope of the toric variety X0.
4.6. Kaveh’s interpretation of Qw
0
(λ) as Newton-Okounkov body. For
more details on Newton-Okounkov bodies we refer to [54], see also section 5.11.
Kaveh proves in [52] that the string parametrization of the crystal basis mentioned
at the beginning of this section coincides with a natural valuation on the field
of rational functions on the flag variety G/B. The ZN -valued valuation can be
defined using a coordinate system on a Bott-Samelson variety, so it depends on
the choice of a reduced decomposition w0 of the longest word w0 in the Weyl
group. It turns out that the associated monoid (see also section 5) is exactly Γw0 ,
hence giving Γw0 an additional algebraic geometric interpretation. This shows
that the string polytopes associated to irreducible representations, can be realized
as Newton-Okounkov bodies for the flag variety. This fully generalizes an earlier
result of A. Okounkov [76] for the generalized Gelfand-Tsetlin polytopes of the
symplectic group.
4.7. Anderson’s connection between N-O-bodies and toric degeneration.
We have seen above that the string polytope Qw0(λ) can be viewed as a Newton-
Okounkov body for the generalized flag variety G/Pλ but also as the moment
polytope for a toric variety X0 obtained by a flat degeneration from G/Pλ. Dave
Anderson [2] has shown that this is always true once knows that the monoid used
in the Newton-Okounkov approach is finitely generated.
5. Newton-Okounkov bodies for flag varieties
5.1. Introduction. We present a different approach to construct T -equivariant
flat toric degenerations of flag varieties (see [24]). The procedure uses representa-
tion theory as well as ideas from the Newton-Okounkov theory. The strategy can
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be seen as a common generalization of Caldero’s degeneration (and the subsequent
constructions of flat toric degenerations of flag varieties by Alexeev-Brion [1] and
Kaveh [52]) and the construction of flat toric degenerations using a refinement of
the PBW-filtration [32] (see also [30, 31]). We will see that both: Caldero’s con-
struction and the construction via filtrations have implicitly in common the idea
to replace the group U− by a birationally equivalent product of root subgroups.
To be more precise: to construct monoids like Γw0 (see (7) in section 4.3)
and associated toric degenerations of G/U with tools coming from the theory of
Newton-Okounkov bodies, we need ZN+n-valued valuations on the field of rational
functions C(G/U). Here N is the number of positive roots in the root system Φ
of G and n is the rank of G. To construct such valuations, we consider sequences
(β1, . . . , βN ) of positive roots (not necessarily pairwise different), such that the
product map
U−β1 × · · · × U−βN → U−
is birational (see section 5.2 for examples). By fixing a basis of the weight lattice
of T , the birational maps B− → G/U and
T × U−β1 × · · · × U−βN → B− = TU−
provide a natural identification of C(G/U) with a function field in N+n variables.
After fixing a total order on ZN+n (see section 5.3 for examples), the lowest term
valuation (see section 5.4) gives us then a natural ZN+n-valued valuation ν on
C(G/U). We associate to C[G/U ] the valuation monoid (see (10)):
V(G/U) = {ν(p) | p ∈ C[G/U ]− {0}},
which depends of course on the choice of the sequence of positive roots and the
choice of the total order.
This sequence of positive roots and the fixed total order can also be used to
define a filtration of the enveloping algebra U(n−) and on the finite dimensional
irreducible highest weight representations of G. We use these filtrations to intro-
duce the term of an essential monomial for a representation and we associate to
G/U the global essential monoid (see section 5.5)
Γ = {(λ,m) | λ a dominant weight, fm essential for V (λ)} ⊂ Λ+ × NN .
This approach is close to the one which has been used in [27, 30, 31, 32]. It turns
out that for a fixed sequence of positive roots and fixed choice of the total order
(see section 5.6):
Γ = V(G/U).
The proof shows that once one knows that the monoid Γ is finitely generated and
saturated, then the methods discussed in sections 4.4–4.7 directly apply also to this
much more general situation. In particular, the degenerations of flag varieties by
Caldero [10] and Alexeev and Brion [1], as well as the degenerations via filtrations
[32] show up in a uniform framework.
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For examples and explicit descriptions of associated Newton-Okounkov bodies,
questions about unimodular (in-) equivalence of the bodies etc., see section 6. For
an application in symplectic geometry see section 7.
The construction can be extended to spherical varieties in the same way as in
[1] and [52].
5.2. Birational sequences and examples. As an affine variety, the subgroup
U− ⊂ G is isomorphic to AN . For a root vector fβ ∈ g−β, β ∈ Φ+, let U−β be the
corresponding root subgroup U−β := {exp(sfβ) | s ∈ C} of G.
Fix a sequence of positive roots S = (β1, . . . , βN). We make no special assump-
tion on this sequence, for example there may be repetitions, see Example 5.3. Let
T be the torus (C∗)N , we write t = (t1, . . . , tN ) for an element of T.
Definition 5.1. The variety ZS is the affine space A
N endowed with the following
T × T-action:
∀(t, t) ∈ T × T : (t, t) · (z1, . . . , zN ) := (t1β1(t)−1z1, . . . , tNβN (t)−1zN ).
We call S a birational sequence for U− if the product map π is birational:
π : ZS → U−, (z1, . . . , zN ) 7→ exp(z1fβ1) · · · exp(zNfβN ). (8)
We provide some examples of birational sequences, details and more examples
can be found in [24].
Example 5.2. The PBW-type case: Let S = (β1, β2, . . . , βN ) be an enumeration
of the set of positive roots, i.e. Φ+ = {β1, . . . , βN}. Then S is a birational sequence.
Example 5.3. The reduced decomposition case: Fix a reduced decomposition
w0 = si1 · · · siN of the longest word in the Weyl group and a sequence S =
(αi1 , . . . , αiN ). Then S is a birational sequence.
Example 5.4. If S = (β1, . . . , βN ) is a birational sequence, then so is S
′ =
(βN , . . . , β1).
Example 5.5. Here is a list of all birational sequences for G = SL3: (α1, α2, α1),
(α2, α1, α2), (α1, α1+α2, α2), (α2, α1+α2, α1), (α1, α2, α1+α2), (α2, α1, α1+α2),
(α1 + α2, α2, α1), (α1 + α2, α1, α2).
Let S = (β1, . . . , βN ) be a birational sequence for U
−. Let ZS be the toric
variety ZS = ZS × T , where the torus T × T is acting on ZS as follows:
∀(t, t) ∈ T × T : (t, t) · (z, t′) := (t1β1(t)−1z1, . . . , tNβN (t)−1zN ; tt′).
Let xi : (z1, . . . , zN) 7→ zi be the i-th coordinate function on ZS, then
C[ZS ] ≃ C[x1, . . . , xN ]⊗ C[T ] = C[x1, . . . , xN ]⊗ C[eλ | λ ∈ Λ].
Moreover, the canonical mapZS → G/U , (z, t) 7→ π(z)·t·1¯, induces a T -equivariant
birational map ϕ : ZS → G/U . Via the isomorphism C(G/U) ≃ C(ZS), we can
identify the coordinate ring C[G/U ] with a subalgebra of A := C[x1, . . . , xN ] ⊗
C[eλ | λ ∈ Λ+] ⊂ C(ZS).
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5.3. Weight functions and lexicographic orders. Let Ψ : ZN → Z be a
Z-linear map such that Ψ(NN) ⊆ N, we call Ψ an integral weight function. The
weight order on NN associated to Ψ is the partial order defined by m >Ψ m
′ iff
Ψ(m) > Ψ(m′). We write >lex for the lexicographic order and >rlex for the right
lexicographic order on NN . We refine the partial order above to a total order by
combining the partial weight order and the lexicographic order. In the following
we use only the lexicographic order, the generalization to the right lexicographic
order is obvious.
Definition 5.6. A Ψ-weighted lexicographic order on NN is a total order “>” on
NN refining “>Ψ” as follows:
m >m′ ⇔ either Ψ(m) > Ψ(m′), or Ψ(m) = Ψ(m′) and m >lex m′ .
If Ψ satisfies in addition the condition Ψ(m) > 0 for all m ∈ NN − {0}, then a
Ψ-weighted opposite lexicographic order on NN is a total order “>” on NN defined
as follows:
m >m′ ⇔ either Ψ(m) > Ψ(m′), or Ψ(m) = Ψ(m′) and m <lex m′.
It is easy to verify that a Ψ-weighted lex order defines a monomial order on
NN , i.e., a total order such thatm >m′ implies for allm′′ ∈ NN−{0}: m+m′′ >
m′ +m′′ >m′.
Example 5.7. If Ψ : ZN → Z is the map m 7→ ∑Ni=1mi, then the Ψ-weighted
lexicographic order is the homogeneous lexicographic order.
Example 5.8. Fix a sequence S = (β1, . . . , βN ) of roots in Φ
+, let ht be the
height function on the positive roots and let Ψ be the height weighted function:
Ψ : ZN → Z, m 7→
∑
i=1,...,N
miht(βi).
5.4. The valuation monoid. Let ω1, . . . , ωn′ be the fundamental weights of the
semisimple part of G and extend this set by η1, . . . , ηn−n′ to a basis of the character
group of T . Set Λ† = Nω1 ⊕ . . .⊕Nωn′ ⊕Nη1 ⊕ . . .⊕Nηn−n′ ⊂ Λ+ and fix a total
order > on Λ† ≃ Nn. We fix a Ψ-weighted lex order “>” on NN and define a total
order “⊲” on Λ† × NN by: (λ,m) ⊲ (µ,m′) if λ > µ, and if λ = µ, then we set
(λ,m) ⊲ (λ,m′) if m > m′. Given p(x, eλ) ∈ C[ZS ], we define a Λ × ZN -valued
valuation:
ν(p(x, eλ)) = min{(λ,p) ∈ Λ† × NN | aλ,p 6= 0} (9)
for p(x, eλ) =
∑
(λ,p)∈Λ†×NN aλ,px
peλ. For a rational function h = pp′ we define
ν(h) = ν(p)−ν(p′). The valuation ν is called the lowest term valuation with respect
to the parameters x1, . . . , xN , e
ω1 , . . . , eωn′ , eη1 , . . . , eηn−n′ and the monomial order
“≥”.
By the argument in the end of section 5.2, it makes sense to view ν also as a
valuation on C(G/U). We associate to C[G/U ] the valuation monoid V(G/U):
V(G/U) = V(G/U, ν,>) = {ν(p) | p ∈ C[G/U ]− {0}} ⊆ Λ × ZN . (10)
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Remark 5.9. It is easy to check that the monoid V(G/U) is independent of the
choice of the total order on Λ†.
5.5. Filtrations and essential elements. LetNN be endowed with a Ψ-weighted
lex order “>”.
Definition 5.10. Let S = (β1, . . . , βN ) be a birational sequence for U
−. An
increasing sequence of subspaces U(n−)≤m m ∈ NN , defined by
U(n−)≤m = 〈f (k) = f (k1)β1 · · · f
(kN )
βN
| k ≤m〉
is called a (NN , >, S)-filtration of U(n−). The associated graded vector space is
denoted by Ugr(n−) =
⊕
m∈NN U
gr(n−)m, where
Ugr(n−)m := U(n
−)≤m/U(n
−)<m and U(n
−)<m = 〈f (k) | k <m〉.
Definition 5.11. A multi-exponentm ∈ NN is called essential for the (NN , >, S)-
filtration if Ugr(n−)m 6= 0. Denote by es(n−) ⊆ NN the set of all essential multi-
exponents.
Given a (NN , >, S)-filtration on U(n−), we get an induced filtration on V (λ)
as follows:
V (λ)≤m := U(n
−)≤mvλ, V (λ)<m := U(n
−)<mvλ ∀m ∈ NN .
We set
V gr(λ) =
⊕
m∈NN
V (λ)m, where V (λ)m = V (λ)≤m/V (λ)<m.
Obviously we have dimV (λ)m ≤ 1.
Definition 5.12. A pair (λ,m) ∈ Λ+ ×NN is called essential for the (NN , >, S)-
filtration of V (λ) if V (λ)m 6= 0. If (λ,m) is essential, then f (m)vλ is called an
essential vector for V (λ) and m is called an essential multi-exponent for V (λ). Let
es(λ) ⊆ NN be the set of all essential multi-exponents for V (λ).
The term essential makes sense only in connection with a fixed (NN , >, S)-
filtration on U(n−). We often omit the reference to a filtration and assume tacitly
that we have fixed one. One can show that the following sets are naturally endowed
with the structure of a monoid:
es(n−) ⊆ NN ,Γ(λ) =
⋃
n∈N
n×es(nλ) ⊂ N×NN and Γ =
⋃
λ∈Λ+
{λ}×es(λ) ⊂ Λ+×NN .
Definition 5.13. We call es(n−) the essential monoid of n−, Γ(λ) is called the
essential monoid associated to λ, and Γ is called the global essential monoid. The
real cone C(>,S) = R≥0Γ ⊂ ΛR × RN is called the essential cone associated to
(NN , >, S).
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Remark 5.14. If Γ is finitely generated, then R≥0Γ is obviously already a closed
subset.
Let p : ΛR × RN → ΛR be the projection onto the first component.
Definition 5.15. For λ ∈ Λ+
R
, the essential polytope P (λ) associated to λ is defined
as P (λ) = p−1(λ) ∩ C(>,S).
Remark 5.16. Let S = (β1, . . . , βN ) be a birational sequence and fix a Ψ-weighted
lex order “>” on NN . If one replaces Ψ by kΨ for some k > 0, then the associated
global essential monoid does not change because the filtration does not change. So
one should think of the possible choices for Ψ as rational points on the intersection
W of a sphere with the positive quadrant in RN .
Further, let Ψ˜ be an integral weight function such that Ψ˜(m) depends only on
the weight
∑N
i=1miβi. An example for such a function is given in Example 9. If
one replaces in the situation above Ψ by Ψ+Ψ˜, then the filtration may change but
the associated global essential monoid does not change, this can be proved using
an easy weight argument.
In fact, we conjecture thatW admits a finite triangulation such that the global
essential monoid stays constant for any choice of Ψ in the interior of a simplex of
the triangulation.
5.6. The dual essential basis. By construction, Bλ = {f (p)vλ | p ∈ es(λ)} is a
basis of V (λ), let B∗λ ⊂ V (λ)∗ be the dual basis. For f (p)vλ ∈ Bλ denote by ξλ,p
the corresponding dual element in B∗λ. Keeping in mind the isomorphisms in (5),
the set BΓ := {ξλ,p | (λ,p) ∈ Γ} is a vector space basis for the algebra C[G/U ], we
call it the dual essential basis. Consider the structure constants cλ+µ,rλ,p;µ,q, defined
for p ∈ es(λ) and q ∈ es(µ) by
ξλ,pξµ,q =
∑
r∈es(λ+µ)
cλ+µ,rλ,p;µ,qξλ+µ,r.
These basis elements satisfy the following multiplicative property:
ξλ,pξµ,q = ξλ+µ,p+q +
∑
r∈es(λ+µ),r>p+q
cλ+µ,rλ,p;µ,qξλ+µ,r.
As an immediate consequence one can show [24]:
Proposition 5.17. The valuation monoid V(G/U) and the global essential monoid
Γ coincide.
5.7. ASM-sequence and a toric variety. Let T be the torus (C∗)N . The alge-
bra C[Γ] associated to the monoid Γ can be naturally endowed with the structure
of a T × T-algebra by
(t, t1, . . . , tN ) · (λ,p) := λ(t)
( N∏
i=1
tpii
)
(λ,p). (11)
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Definition 5.18. Let S = (β1, . . . , βN ) be a birational sequence and fix a Ψ-
weighted lex order “>” on NN . We call (S,>) a sequence with an affine, saturated
monoid (short ASM) if Γ is finitely generated and saturated.
The two assumptions imply that (see [16] for more details on toric varieties)
Spec (C[Γ]) is naturally endowed with the structure of a normal toric variety for
T × T of dimension dimT + dim n−.
Remark 5.19. If λ ∈ Λ+, then (S,>) being a sequence with an ASM implies that
the lattice points of the essential polytope P (λ) are exactly the pairs (λ,m) such
that m is an essential multi-exponent for λ.
5.8. A filtration of C[G//U]. In the following set R = C[G/U ]. Let “>” be
the fixed Ψ-weighted lex order on NN . We define a new partial order “>alg” on
Λ+ × NN as follows:
Definition 5.20. (λ,p) >alg (µ,q) if λ ≻wt µ or λ = µ and p < q.
Note that we turn around “>” when going to the coordinate ring. We define a
filtration as follows: for λ ∈ Λ+ and p ∈ es(λ) set
R≤alg(λ,p) =
⊕
(µ,q)∈Γ
(µ,q)≤alg(λ,p)
Cξµ,q and R<alg(λ,p) =
⊕
(µ,q)∈Γ
(µ,q)<alg(λ,p)
Cξµ,q. (12)
The associated graded vector space grR is again a ring and isomorphic to C[Γ].
Now assume that (S,>) a sequence with an ASM. As in [1], one can change the
multi-filtration into an N-filtration. Translated into geometry one can reformulate
this into: the affine G-algebra R corresponds to the affine G-scheme Y = Spec(R),
and grR corresponds to an affine T × T-scheme denoted by Y0, and there exists a
family of affine T -schemes ρ : Y → A1 such that
Proposition 5.21. (1) ρ is flat;
(2) ρ is trivial with fiber Y over the complement of 0 in A1;
(3) and the fiber of ρ at 0 is isomorphic to Y0.
5.9. Degeneration of polarized projective G-varieties. We follow again the
approach of Alexeev and Brion [1]. Let (Y,L) be a polarized projective G-variety,
i.e., Y is a normal projective G-variety together with an ample G-linearized in-
vertible sheaf L.
The sheaf Ln := L⊗n is also G-linearized, so the space of global sections
H0(Y,Ln) is a finite-dimensional rational G-module. Consider the associated
graded algebra
R(Y,L) :=
⊕
n∈N
H0(Y,Ln),
this is a finitely generated, integrally closed domain. We have Y = ProjR(Y,L)
and Ln = OY (n).
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One can endow the algebra R(Y,L) with a filtration as in the section before.
The associated algebra grR(Y,L) is still finitely generated, it is an integrally closed
domain, with an action of C∗ × T × T such that the C∗-action defines a positive
grading. The projective variety Y0 := ProjgrR(X,L) is again a projective T × T-
variety equipped with T × T-linearized sheaves L(n)0 = OY0(nD) for all integers
n, where D refers to a Q-Weil divisor. Further, D is Q-Cartier and ample, i.e.,
the sheaf L(m)0 is invertible and ample for any sufficiently divisible integer m > 0.
In particular, every sheaf L(n)0 is divisorial, i.e., it is the sheaf of sections of an
integral Weil divisor. We just quote [1], the proof is the same:
Theorem 5.22. Let (Y,L) be a polarized G-variety and let (S,>) be a sequence
with an ASM. Consider the induced (NN , >, S)-filtration on R(Y,L). Then there
exists a family of T -varieties π : Y → A1, where Y is a normal variety, together
with divisorial sheaves OY(n) (n ∈ Z), such that
i) π is projective and flat.
ii) π is trivial with fiber Y over the complement of 0 in A1, and OY(n)|Y ≃ Ln
for all n.
iii) The fiber of π at 0 is isomorphic to Y0, and OY(n)|Y0 ≃ L(n)0 for all n.
In addition, if Y is spherical, then Y0 is a toric variety for the torus T × T.
5.10. Moment polytopes. The results and definitions in this section on mo-
ment polytopes can be found in [1], the only difference being that we consider
not only the string cone case. Let (Y,L) be a polarized spherical G-variety and
let (S,>) be a sequence with an ASM, so Γ is assumed to be finitely generated
and saturated. We recall the definition of a moment polytope of the polarized
G-variety (Y,L). Note that for a dominant weight λ, the isotypical component
H0(Y,Ln)(λ) 6= 0 if and only if the space of U invariants of weight λ is not trivial:
H0(Y,Ln)Uλ 6= 0. Further, the algebra R(Y,L)U is finitely generated and Λ+ × N-
graded; let (fi)i=1,...,r be homogeneous generators and (λi, ni) their weights and
degrees.
Definition 5.23. The convex hull of the points λini , i = 1, . . . , r, in ΛR is called
the moment polytope P (Y,L) of the polarized G-variety (Y,L).
Another way to view the moment polytope is the following: the points λn ∈ ΛR
such that λ ∈ Λ+, n ∈ N>0, and the isotypical component H0(Y,Ln)(λ) is nonzero,
are exactly the rational points of the rational convex polytope P (Y,L) ⊂ ΛR.
Further, P (Y,Lm) = mP (Y,L) for any positive integer m.
By positive homogeneity of the moment polytope, this definition extends to
Q-polarized varieties, in particular, to any limit (Y0,L0) of (Y,L). We denote by
P (Γ, Y,L) the moment polytope of that limit. It is a rational convex polytope in
ΛR × RN , related to the moment polytope of (Y,L) by the following theorem:
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Theorem 5.24. The projection p : ΛR × RN → ΛR onto the first component
restricts to a surjective map
p : P (Γ, Y,L)→ P (Y,L),
with fiber over any λ ∈ Λ+
R
being the essential polytope P (λ). In particular, for
λ ∈ Λ+, let Pλ be the stabilizer of the line [vλ] ∈ P(V (λ)). The limit of the flag
variety G/Pλ is a toric variety under T, and its moment polytope is the essential
polytope P (λ).
5.11. Essential polytope and Newton-Okounkov body. If we restrict the
valuation ν to the subring C[x1, . . . , xN ] by omitting the dominant weights in the
definition in (9), then we get a ZN -valued valuation ν1, which, by Remark 5.9,
more or less completely determines the valuation monoid.
The valuation ν1 depends on the choice of S and “>”, and the birational map
π : ZS → U− (see (8)) provides a birational map π : ZS → G/B by identifying
U− with an affine neighborhood of the identity. Hence we can view ν1 naturally
as a ZN -valued valuation on C(G/B).
Let λ be a regular dominant weight and let Lλ be the corresponding very
ample line bundle on G/B. Let Rλ be the ring
⊕
n≥0H
0(G/B,Lnλ). Recall that
H0(G/B,Lnλ) ≃ V (nλ)∗ as a G-representation, we fix for all n ∈ N the dual vector
ξnλ,O to the fixed highest weight vector vnλ ∈ V (nλ). The Newton-Okounkov body
associated to G/B depends on the choice of the valuation ν1, the ample line bundle
Lλ and the choice of a non-zero element in H0(G/B,Lλ), in our case the vector
ξnλ,O. The Newton-Okounkov body ∆ν1(λ) is defined as follows. (For more details
on Newton-Okounkov bodies see for example [54, 52]). One associates to the graded
ring Rλ the monoid ⋃
n>0
{(n, ν1( s
ξnλ,O
)) | s ∈ H0(G/B,Lnλ)}.
In view of Proposition 5.17, this is the essential monoid Γ(λ) associated to λ.
Definition 5.25. The Newton-Okounkov body ∆ν1(λ) is the convex closure
conv(
⋃
n∈N
{m
n
|m ∈ es(nλ)}).
It follows immediately that the Newton-Okounkov body ∆ν1(λ) coincides with
the essential polytope P (λ).
6. Examples of saturated, finitely generated monoids Γ
6.1. Reduced decompositions and string polytopes. Fix a reduced decom-
position w0 = si1 · · · siN of the longest word in the Weyl group of g and let
Cw0 ⊂ RN be the associated string cone defined in [7, 68] (see Example 6.2 below
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for an explicit description for G = SLn) and set S = (αi1 , . . . , αiN ). By Exam-
ple 5.3, we know that S is a birational sequence. Let Ψ : NN → N be the height
weighted function as in Example 5.8. We fix on NN the associated Ψ-weighted
opposite lexicographic order. For an element m ∈ Cw0 denote by G(m) the corre-
sponding element of the global crystal basis of U(n−) [51], specialized at q = 1. The
cone Cw0 ⊂ ΛR×RN (see [7, 68], compare also [1]) is defined to be the intersection
of ΛR × Cw0 with N half-spaces:
Cw0 =
{
(λ,m) ∈ ΛR × Cw0 |
mk ≤ 〈λ, α∨ik 〉 −
∑N
ℓ=k+1〈αiℓ , α∨ik〉mℓ,
k = 1, . . . , N
}
. (13)
Theorem 6.1 ([24]). We have es(n−) = Cw0 ∩ ZN .
As a corollary, (S,>) is a sequence with an ASM. Moreover, the proof of the
theorem shows more precisely that the (NN , >, S)-filtration of U(n−) is compatible
with Kashiwara’s global crystal basis. In particular, given a dominant weight λ,
m ∈ NN is an essential multi-exponent for V (λ) if and only if G(m).vλ 6= 0.
For λ ∈ Λ+, the essential polytope P (λ) is called the string polytope and will
be denoted by Qw0(λ).
Example 6.2. We give a description of the string cone for G = SLn. We follow
here the description of [7], while a recursive one can be found in [68]. For any
fundamental weight ωi, let w
i be the minimal representative of the coset Wisiw0
where Wi is the maximal parabolic subgroup generated by sj for j 6= i.
Fix a reduced decomposition w0 = si1 · · · siN and 1 ≤ i ≤ n − 1. Let s =
sik(1) · · · sik(p) be a subword of w0 which is a reduced word of wi. We set T (s) to
be the half-space defined by the inequality:
p∑
j=0
∑
k(j)<k<k(j+1)
〈ωi, sik(1) · · · sik(j) (α∨ik)〉xk ≥ 0,
Then the string cone Cw0 ⊂ RN≥0 is the intersection of all T (s), where s is a subword
of w0 and a reduced word for some w
i.
Example 6.3. We recall here the example 3.15 in [7] for G = SL4. The string
cone Cs2s1s3s2s1s3 ⊂ R6≥0 is defined by
x4 − x5 − x6 ≥ 0 , x3 − x5 ≥ 0 , x2 − x6 ≥ 0 , x2 + x3 − x4 ≥ 0.
To obtain the global essential monoid, we have to determine the string polytopes
and cut out by the weight-restrictions (13). For λ = m1ω1 +m2ω2 +m3ω3 ∈ Λ+R ,
the string polytope Qw0(λ) is the intersection of Cs2s1s3s2s1s3 with the half-spaces
defined by the inequalities:
x6 ≤ m3 , x5 ≤ m1 , x4 ≤ m2 +m1 +m3 ,
x3 ≤ m2 −m3 , x2 ≤ m2 −m1 , x1 ≤ 2m1 + 2m3 −m2.
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The cone Cs2s1s3s2s1s3 is then
Cs2s1s3s2s1s3 =
⋃
λ∈Λ+
R
(λ,Qw0(λ)).
Remark 6.4. For a fixed λ ∈ Λ+, let Q(λ) be the set of string polytopes Qw0(λ)
when w0 runs through all reduced decompositions of w0. An equivalent relation
given by the unimodularly equivalence can be defined on Q(λ). It is interesting
to find representatives for the equivalent classes. For example, it is clear that if
w′0 is obtained from w0 by an exchange sisj 7→ sjsi where si, sj are orthogonal
reflections, Qw0(λ) is unimodularly equivalent to Qw′0(λ). But this condition is
not enough to determine the equivalence classes.
6.2. The Gelfand-Tsetlin polytopes. We recall the most famous example of
toric degenerations of flag varieties, namely the toric degeneration arising from
Gelfand-Tsetlin polytopes [40], and explain how these polytopes are related to the
string polytopes. We fix N =
(
n
2
)
and M =
(
n+1
2
)
.
Definition 6.5. Let λ =
∑n−1
i=1 miωi ∈ Λ+ be a dominant integral weight of
G = SLn and mn = 0. The Gelfand-Tsetlin polytope associated to λ is defined as
GT (λ) :=
{
(xi,j)0≤i≤n−1,1≤j≤n−i ∈ RM | x0,j =
∑n
i=jmi
xi,j ≥ xi+1,j , xi,j ≥ xi−1,j+1
}
.
The set of lattice points in GT (λ) is denoted by:
GTZ(λ) = GT (λ) ∩ ZM .
Example 6.6. Let G = SL4 and λ = (λ1 − λ2)ω1 + (λ2 − λ3)ω2 + λ3ω3 ∈ Λ+.
Then
GT (λ) :=
{
(xi,j)0≤i≤3,1≤j≤4−i ∈ R10 |
x0,1 = λ1, x0,2 = λ2, x0,3 = λ3, x0,4 = 0
x0,1 ≥ x1,1 ≥ x0,2 ≥ x1,2 ≥ x0,3 ≥ x1,3 ≥ x0,4
x1,1 ≥ x2,1 ≥ x1,2 ≥ x2,2 ≥ x1,3
x2,1 ≥ x3,1 ≥ x2,2
}
.
Proposition 6.7 ([40]). (1) For any λ, µ ∈ Λ+, we have:
GTZ(λ) +GTZ(µ) = GTZ(λ+ µ).
(2) The monoid ΓGT :=
⋃
λ∈Λ+(λ,GTZ(λ)) is finitely generated and saturated.
Remark 6.8. (1) The toric degeneration constructed in [41] is in fact isomor-
phic to the one associated with ΓGT [58].
(2) Let w0 = s1 (s2s1) (s3s2s1) . . . (sn−1sn−2 . . . s1) and λ ∈ Λ+. The string
polytope Qw0(λ) is unimodularly equivalent to GT (λ) [68].
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It has been shown in [58] that any Schubert variety degenerates to a union of
toric varieties associated to certain faces of the Gelfand-Tsetlin polytope and they
have given the following formula in terms of dual Kogan faces of the polytope. The
following description is due to [56]:
A dual Kogan facet is a facet of GT (λ) defined by an equality of the form
xi,j = xi+1,j−1. We associate to such a facet the simple reflection sn+1−j .
Suppose now Fλ is a face of GT (λ) defined by the intersection of dual Kogan
facets. Then we compose the simple reflections corresponding to the equalities by
following i = n, . . . , 1 (bottom to top) and within this j = n + 1 − j, . . . , 1 (right
to left). The resulting Weyl group element will be denoted by w(Fλ).
Theorem 6.9 ([58]). The Schubert variety Xw degenerates to the reduced union
of toric varieties associated to the face Fλ satisfying w(Fλ) = ww0.
Remark 6.10. If w is a Kempf element (see [61] for the definition), then the toric
variety is irreducible [56]. In [20], a construction of toric degenerations of Schubert
varieties has been studied also for more general Weyl group elements.
Remark 6.11. Let w ∈ W and fix a reduced decomposition w = si1 · · · sis . We
can extend w to a reduced decomposition w0 = si1 · · · sissis+1 · · · siN . We denote
by Fw ⊂ Qw0(λ) the face of the string polytope defined by setting the coordinates
xis+1 , . . . , xiN to 0. Then the irreducible toric variety associated to the face Fw
gives a toric degeneration of the Schubert variety Xw.
We see that in the case of string polytopes, we can always choose for a particular
Schubert varietyXw a toric degeneration of the whole flag variety being compatible
with Xw. So there is always an irreducible toric degeneration. Compare this with
the case of the Gelfand-Tsetlin degeneration discussed, where we can find these
toric degenerations of the Schubert varieties within a fixed toric degeneration of
G/Pλ but at the price of this variety being not irreducible.
Remark 6.12. For a general discussion about degenerations of Schubert varieties,
Richardson varieties and Kazhdan-Lusztig varieties see [57].
6.3. Birational sequences arising from convex orders and Lusztig poly-
topes. Fix a reduced decomposition w0 = si1 · · · siN of the longest word w0 in
the Weyl group and let S = (β1, . . . , βN ) be an enumeration of the positive roots
associated to the decomposition, i.e., βk = si1 · · · sik−1(αik) for k = 1, . . . , N . By
Example 5.2 we know that S is a birational sequence. Let Ψ : NN → N be the
height weighted function as in Example 5.8. We fix on NN the associated Ψ-
weighted opposite right lexicographic order “>”. For an element m ∈ NN denote
by B(m) the corresponding element of Lusztig’s canonical basis of U(n−) (using
Lusztig’s parametrization with respect to the fixed decomposition w0), specialized
at q = 1.
The decomposition determines also an enumeration of the positive roots (see
the choice of S above) and hence a PBW-basis. The connection between this
PBW-basis and the canonical basis was described by Lusztig in the A, D and E-case
[69, 70], and by Caldero [10] in the semisimple case. In terms of the (NN , >, S)-
filtration this can be reformulated as follows [24]:
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Theorem 6.13. (1) The (NN , >, S)-filtration of U(n−) is compatible with Lusztig’s
canonical basis. In particular, given a dominant weight λ, m ∈ NN is an es-
sential multi-exponent for V (λ) if and only if B(m).vλ 6= 0.
(2) (S,>) is a sequence with an ASM.
So the convex hull LS(λ) of the points {m ∈ NN | B(m).vλ 6= 0} is the
essential polytope, and the positive real span of ΓL =
⋃
λ∈Λ+(λ,LS(λ)) is the
essential cone C(>,S). Since the construction uses Lusztig’s parametrization of the
canonical basis, we call C(>,S) the Lusztig cone and refer to LS(λ) as the Lusztig
polytope associated to the reduced decomposition w0.
Example 6.14. Let w0 be a reduced decomposition of w0 and S = (β1, . . . , βN )
be the sequence of positive roots associated to the reduced decomposition. A uni-
modular equivalence between the string polytope Qw0(λ) and the Lusztig polytopeLS(λ) is given in [72], Corollaire 3.5.
6.4. Birational sequence arising from good sequences and PBW poly-
topes. Let G = SLn. In [30], the PBW filtration on finite-dimensional simple
modules was studied. For any simple module a polytope P(λ) was introduced
whose lattice points parametrize a monomial basis of the associated graded mod-
ule. These polytopes had been suggested by E. Vinberg.
We briefly recall the definition here. A sequence b = (δ1, . . . , δr) of positive
roots is called a Dyck path if the first and the last roots are simple roots (δ1 =
αi,i = αi, δr = αj,j = αj , i ≤ j), and if δm = αp,q, then δm+1 is either αp+1,q or
αp,q+1.
For λ ∈ Λ+, we define a polytope
P(λ) :=
{
(xα) ∈ RΦ
+
≥0 |
∀i = 1, . . . , n− 1, ∀ Dyck paths b = (δ1, . . . , δr)
starting in αi, ending in αj :∑r
ℓ=1
xδℓ ≤ (λ, αi + . . .+ αj)
}
. (14)
The set of its lattice points and the corresponding monoid are defined by:
PZ(λ) = P(λ) ∩ ZΦ
+
and ΓP =
⋃
λ∈Λ+
(λ,PZ(λ)).
Theorem 6.15 ([30]). For λ ∈ Λ+, PZ(λ) parametrizes a monomial basis of the
finite dimensional simple module of highest weight λ. Moreover, ΓP is finitely
generated and saturated.
Example 6.16. Let G = SL4, λ = m1ω1 +m2ω2 +m3ω3 ∈ Λ+ and (x1, · · · , x6)
be the coordinates corresponding to positive roots (α1, α1+α2, α2, α1+α2+α3, α2+
α3, α3). The polytope P(λ) is given by:
P(λ) =
{
(x1, . . . , x6) ∈ R6≥0 |
x1 ≤ m1 , x3 ≤ m2 , x6 ≤ m3 ,
x1 + x2 + x3 ≤ m1 + m2 , x3 + x5 + x6 ≤ m2 + m3 ,
x1 + x2 + x4 + x5 + x6 ≤ m1 + m2 + m3,
x1 + x2 + x4 + x5 + x6 ≤ m1 + m2 + m3.
}
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We fix an ordering on the set of positive roots β1, . . . , βN and assume that
βi ≻wt βj implies i < j.
An ordering with this property (the larger roots come first) will be called a good
ordering. Once we fix such a good ordering, this induces an ordering on the basis
vectors fβ .
We consider a sequence S = (β1, β2, · · · , βN ) arising from a good ordering. By
Example 5.2 we know that S is a birational sequence. Let Ψ : NN → N be the
homogeneous degree function as in Example 5.7. We fix on NN the associated Ψ-
weighted right lexicographic order ”>”. Then the monoid ΓP is the global essential
monoid corresponding to (S,>).
Note that this description is independent of the choice of the ordering of the
roots, as long as the ordering is a “good” ordering.
Remark 6.17. (1) It has been shown in [36] that P(λ) is not unimodularly
equivalent to GT (λ) as long as λ is regular and the rank of the Lie algebra
is greater or equal to 3.
(2) It has been shown in [30] that the monoid Γ is in fact generated by the union
of (ωi,PZ(ωi)).
(3) Moreover, one can show using polymake [38], that for G = SL6 there exists
a dominant weight λ ∈ Λ+ such that P(λ) is not unimodularly equivalent to
any string polytope Qw0(λ).
(4) For regular λ ∈ Λ+, the number of facets of P(λ) is given by
n(n− 1)
2
+
n−1∑
i=1
iCn−1−i,
where Cj is the Catalan number [36].
(5) Let G = SLn and w : Φ
+ → N be the function defined by: w(αi+ · · ·+αj) =
(j − i + 1)(n − j). Let S = (β1, β2, . . . , βN ) be a birational sequence where
Φ+ = {β1, . . . , βN}. We consider the integral weight function
Ψ : ZN → Z, m 7→
N∑
i=1
miw(βi)
and fix a lexicographic order “>” on NN . It is shown in [25] that the global
essential monoid Γ(S,>) coincides with the monoid ΓP .
In general, varying the function w will change the monoid Γ(S,>), yet in [5]
we give a family of such functions such that the global monoid stays constant,
i.e., we have always Γ(S,>) = ΓP .
(6) For various Weyl group elements w ∈ W (triangular elements), the Schubert
variety Xw degenerates to the irreducible toric variety defined by the w-face
of P(λ) [37]. This is similar to the case of GT (λ), see Remark 6.10.
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(7) Let G = SLn. We consider the following data:
• the birational sequence
S = (α1, α1 + α2, α2, α1 + α2 + α3, α2 + α3, α3, . . . , αn−1);
• an integral weight function Ψ as in Example 5.8;
• a Ψ-weighted lexicographic order on NN .
Then the corresponding global essential monoid Γ(S,>) coincides with the
monoid ΓP (see [30]).
7. Gromov width of coadjoint orbits
Let ωst be the standard symplectic form on R
2n. A famous theorem of Gromov
(the non-squeezing theorem) affirms that a ball B2n(r) ⊂ (R2n, ωst) cannot be
symplectically embedded into B2(R) × R2n−2 ⊂ (R2n, ωst) unless r ≤ R. Given a
symplectic manifold M , this result motivates the following questions:
(1) what is the largest ball B(r) that can be symplectically embedded into M?
(2) how many balls (of the same radius) can be symplectically packed into M?
The first question is the source for the notation of the Gromov width of a 2n-
dimensional symplectic manifold (M,ω): it is the supremum of the set of a’s such
that the ball of capacity a (radius
√
a
π ),
B2na =
{
(x1, y1, . . . , xn, yn) ∈ R2n
∣∣∣ π n∑
i=1
(x2i + y
2
i ) < a
} ⊂ (R2n, ωst),
can be symplectically embedded in (M,ω). For the second question, a symplectic
packing of (M,ω) by N equal balls of capacity a is a symplectic embedding:
B2na ⊔ · · · ⊔B2na︸ ︷︷ ︸
N times
→M
of a disjoint union of N balls of equal capacity a into M . The Darboux theorem
ensures that, given N , such a packing always exists provided that the radius r
respectively the capacity a is small enough. But when one increases the capacity
there will be obstructions for the existence of such a packing. A full symplectic
packing is a symplectic packing such that N times the volume of B2na is equal to
the volume of (M,ω).
An important class of symplectic manifolds is formed by the orbits of the coad-
joint action of compact Lie groups. Let K be a compact Lie group, and let k∗ be
the dual of its Lie algebra k. Each orbit O ⊂ k∗ of the coadjoint action of K on
k∗ is naturally equipped with the Kostant-Kirillov-Souriau symplectic form ωKKS ,
defined by:
ωKKSξ (X
#, Y #) = 〈ξ, [X,Y ]〉, ξ ∈ O ⊂ k∗, X, Y ∈ k,
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where X#, Y # are the vector fields on k∗ induced by X,Y ∈ k via the coadjoint
action of K. Each coadjoint orbit passes through a point λ in a positive Weyl
chamber, we let Oλ denote it. Let G = KC be the complexification of K. The
coadjoint orbits of K are diffeomorphic to G/Q for some appropriate choices of a
parabolic subgroup, and for λ a dominant integral weight, the pair (Oλ, ωKKS) is
symplectomorphic to (G/Q, ωFS), where the latter denotes the Fubini-Study form
induced by the embedding G/Q →֒ P(V (λ)).
The momentum map for the standard S = (S1)n action on (R2n, ωst) maps a
ball of capacity a into an n-dimensional simplex of size a, closed on n sides:
Sn(a) := {(x1, . . . , xn) ∈ Rn| 0 ≤ xj < a,
n∑
j=1
xj < a}. (15)
Pabiniak has proved a kind of reverse implication of this fact, which provides
a lower bound for the Gromov width of a symplectic manifold:
Theorem 7.1 ([77]). For any connected, proper (not necessarily compact) Hamil-
tonian (S1)n-space M of dimension 2n, with a momentum map Φ, the Gromov
width of M is at least
sup{a > 0 | ∃ Ψ ∈ GL(n,Z), x ∈ Rn, such that Ψ(int Sn(a)) + x ⊂ Φ(M)}.
Of course, a coadjoint orbit (or G/Q in the integral case) is not a toric variety.
But combining this result with those of Harada and Kaveh [48] mentioned in the
introduction, Kaveh’s result implies in the flag variety case (i.e. λ is integral) the
following result. To state it we need some notations: let Φ+Q = {β1, . . . , βN} be
the set of positive roots in the unipotent radical of Q, S = (β1, β2, . . . , βN ) be a
good sequence (see section 6.4), Ψ be the height function as in Example 5.8 and
take the right lexicographic ordering; the associated Newton-Okounkov body (see
Definition 5.25) is denoted by ∆λ(S).
Theorem 7.2 ([53]). The Gromov width of (G/Q, ωFS) is at least R, where R is
the supremum of the sizes of open simplices that fit (up to GL(N,Z) transforma-
tion) in the interior of the Newton-Okounkov body ∆λ(S), i.e.,
R = sup{r > 0 | ∃ Ψ ∈ GL(N,Z), x ∈ RN , such that Ψ(int SN (r)) + x ⊂ ∆λ(S)}.
It is worthwhile to point out that only the Newton-Okounkov body is men-
tioned, there is no condition on the finite generation of the monoid associated to
the valuation. We do not know in general whether the corresponding essential
monoid Γ(λ) is finitely generated, but one still has the equality with the valuation
monoid and one has a number of nice additional additive properties coming from
the global essential monoid Γ, which provide the tools to prove:
Theorem 7.3 ([26]). Let λ be an integral dominant weight. For
k = min{|〈λ, α∨〉| | α∨ a coroot and 〈λ, α∨〉 6= 0},
one has SN (k) ⊂ ∆λ. In particular, the Gromov width of the coadjoint orbit
through λ is at least k.
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With standard arguments one can extend this result to rational weights, the
extension to irrational λ is done by a “Moser type” argument, described in detail in
[47]. Combining this result with the upper bounds proved in [11], one immediately
obtains:
Corollary 7.4. Let K be a compact connected simple Lie group. The Gromov
width of a coadjoint orbit Oλ through λ, equipped with the Kostant-Kirillov-Souriau
symplectic form, is given by
min{ |〈λ, α∨〉| | α∨ a coroot and 〈λ, α∨〉 6= 0}. (16)
Although this result had been proved in several cases (see [26] for a detailed
account), it was unsatisfactory that the proofs for the lower bounds were different
for each group. The proof provided in [26] is case-independent.
In the same spirit, to construct symplectic packings can be reduced to study
triangulations of the Newton-Okounkov body by simplices of a fixed size. In the
following particular cases a unimodular triangulation of the body is known: (1).
the Newton-Okounkov body is a stretched simplex ([3, 53]); (2). the Newton-
Okounkov body can be identified with some known polytopes such as the order
polytope or chain polytope ([84]). The first case can be applied to study the
symplectic packing of the coadjoint orbit by balls of capacity no more than 1
([53]). We ask for a generalization of the second case to study the triangulations
of marked order, marked chain or marked chain-order polytopes ([22]), which can
be then applied to the higher capacity cases.
8. Small rank examples
8.1. Symplectic case: sp4. We discuss briefly the case of toric degenerations
of symplectic flag varieties in the rank 2 case. We consider three polytopes which
• are motivated from different setups;
• give monomial bases of finite dimensional simple representations;
• lead to non-isomorphic toric degenerations of the symplectic flag variety as-
sociated to sp4.
Let λ = m1ω1 +m2ω2 be a dominant integral weight for sp4.
The first polytope is defined by:
SP4(λ) =
{
(x1, . . . , x4) ∈ R4≥0 | x1 ≤ m1, 2x1 + x2 + 2x3 + 2x4 ≤ 2(m1 +m2),x4 ≤ m2, x1 + x2 + x3 + 2x4 ≤ m1 + 2m2
}
.
We denote the intersection SP4(λ) ∩ Z4 by SP4(λ)Z.
Remark 8.1. (1) Up to permuting the second and the third coordinates, the
polytope SP4(λ) coincides with the one in Proposition 4.1 of [53], which is
unimodularly equivalent to the Newton-Okounkov body of a valuation arising
from inclusions of (translated) Schubert varieties.
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(2) This polytope can be also constructed using any birational sequences S =
(β1, . . . , β4) where Φ
+ = {β1, . . . , β4}, and the following Ψ-weighted function:
Ψ(α1) = 1, Ψ(α2) = 1, Ψ(α1 + α2) = 2, Ψ(2α1 + α2) = 1.
Let “>” be the lexicographic order. One obtains ([5]) that the global essential
monoid Γ1 := Γ(S,>) is finitely generated and saturated.
The second polytope has been defined in [31] in the framework of PBW filtra-
tions:
Q(λ) =
{
(x1, . . . , x4) ∈ R4≥0 |
x1 ≤ m1, x1 + x2 + x3 ≤ m1 +m2,
x3 ≤ m2, x1 + x2 + x4 ≤ m1 +m2.
}
,
denote again the intersection Q(λ) ∩ Z4 by QZ(λ).
Remark 8.2. (1) The very same polytope was suggested by [4] in connection
with the work on marked poset polytopes. It has been shown in [36] that
this polytope is unimodularly equivalent to the generalized Gelfand-Tsetlin
polytope, defined by Berenstein-Zelevinsky.
(2) This polytope can be constructed using the birational sequence S = (2α1 +
α2, α1 + α2, α1, α2), the integral weight function Ψ as in Example 5.7, and,
as total order, one takes the Ψ-weighted right opposite lexicographic order
“>”. Denote by Γ2 := Γ(S,>) the corresponding global essential monoid.
(3) It has been further shown in [68] that the generalized Gelfand-Tsetlin poly-
tope is unimodularly equivalent to the string polytope Qs2s1s2s1(λ).
The third polytope is the string polytope Qs1s2s1s2(λ), here the string cone is
defined as
Cs1s2s1s2 =
{
(x1, . . . , x4) ∈ R4≥0 | 2x2 ≥ x3 ≥ 2x4
}
.
Then the string polytope Qs1s2s1s2(λ) is defined to be the intersection of Cs1s2s1s2
with the half-spaces defined by the inequalities
x4 ≤ m2 , x3 ≤ m1 + 2m2 , x2 ≤ m1 −m2 , x1 ≤ 4m1 −m2.
Remark 8.3. As shown in Section 6.1, these string polytopes can be realized using
the birational sequence S = (α1, α2, α1, α2), the height weighted function Ψ as in
Example 5.8, and, as total order, one takes the Ψ-weighted opposite lexicographic
order >. Denote by Γ3 := Γ(S,>) the corresponding global essential monoid.
It can be verified using POLYMAKE [38]:
• The polytopes SP4(λ), Q(λ), and Qs1s2s1s2(λ) are pairwise not unimodularly
equivalent.
• For i = 1, 2, 3, Γi (see Remark 8.1(2),8.2(2),8.3) is a finitely generated and
saturated monoid. Let Xi := Spec(C[Γi]) denote the associated toric variety.
• The toric varieties X1, X2 and X3 are pairwise non-isomorphic.
Remark 8.4. By Remark 8.2 we know that Q(λ), and Qs2s1s2s1(λ) are unimod-
ularly equivalent to each other, so the corollary states in particular that the two
string polytopes Qs2s1s2s1(λ) and Qs1s2s1s2(λ) are not unimodularly equivalent.
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8.2. The G2-case. LetG be of typeG2. For a fixed dominant weight λ = m1ω1+
m2ω2 ∈ Λ+, Gornitskii provided in [42] a polytope G(λ) defined by inequalities,
whose lattice points parametrize monomial bases of the PBW-graded modules of
simple modules. These polytopes G(λ) can be realized as essential polytopes by
considering
• the birational sequence S = (3α+ 2β, 3α+ β, 2α+ β, α+ β, α, β) where α is
the short simple root and β is the long simple root;
• the homogeneous integral weight function Ψ as in Example 5.7;
• the Ψ-weighted lexicographic order “>”.
Let Γ := Γ(S,>) be the associated global essential monoid. In this case, the
monoid Γ is finitely generated and saturated.
We consider another setup consisting of
• the birational sequence S′ = (α, 3α+ β, 2α+ β, 3α+ 2β, α+ β, β);
• the homogeneous integral weight function Ψ′ : Z6 → Z defined by:
Ψ′(m) = 2m1 +m2 + 3m3 +m4 + 3m5 +m6;
• the Ψ′-weighted lexicographic order “>′”.
Let Γ′ := Γ(S′, >′) be the associated global essential monoid. The monoid Γ′ is
not saturated [5].
8.3. Toric degenerations of Gr2(C
4). Let us examine how the results in pre-
vious sections can be applied to the special case of the Graßmann variety Gr2(C
4),
giving rise to different toric degenerations. We keep the notations as in Section 2
for Graßmann varieties.
The homogeneous coordinate ring C[Gr2(C
4)] decomposes as SL4-module:
C[Gr2(C
4)] ∼=
⊕
k≥0
V (kω2)
∗.
As SL4-modules, V (ω2) ∼= Λ2V (ω1) = Λ2C4, and e1∧e2 is a highest weight vector.
We consider the essential multi-exponents in V (ω2) with respect to different
ASM-sequences and show how they can be applied to the study of toric degenera-
tions.
8.3.1. The PBW polytope. We fix the following data:
• a birational sequence (α1,3, α1,2, α2,3, α1, α2, α3) arising from a good order-
ing;
• an integral weight function Ψ as in Example 5.7;
• a Ψ-weighted right opposite lexicographic order on N6.
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Let es1(ω2) denote the set of the corresponding essential multi-exponents in
V (ω2). By Example 6.16, we have
es1(ω2) = {s1 = (0, 0, 0, 0, 0, 0), s2 = (0, 0, 0, 0, 1, 0), s3 = (0, 1, 0, 0, 0, 0),
s4 = (0, 0, 1, 0, 0, 0), s5 = (1, 0, 0, 0, 0, 0), s6 = (1, 0, 0, 0, 1, 0)},
and the basis
Bω2 = {e1 ∧ e2, e1 ∧ e3 = f2 · e1 ∧ e2, e3 ∧ e2 = f2,3 · e1 ∧ e2,
e1 ∧ e4 = f2,3 · e1 ∧ e2, e4 ∧ e2 = f1,3 · e1 ∧ e2, e4 ∧ e3 = f1,3f2 · e1 ∧ e2}.
Let Γ1(ω2) be the essential monoid associated to ω2. The dual essential basis
elements are related to the Plu¨cker coordinates by:
p[12] = ξω2,s1 , p[13] = ξω2,s2 , p[14] = ξω2,s4 ,
p[23] = −ξω2,s3 , p[24] = −ξω2,s5 , p[34] = −ξω2,s6 .
In the associated graded algebra, we have:
ξω2,s1 · ξω2,s6 = ξ2ω2,(1,0,0,0,1,0) = ξω2,s2 · ξω2,s5 , ξω2,s3 · ξω2,s4 = ξ2ω2,(0,1,1,0,0,0).
This implies p[12]p[34]−p[13]p[24] = 0, which defines the toric variety SpecC[Γ1(ω2)].
It is a toric degeneration of Gr2(C
4).
8.3.2. The string polytope. We fix the following data:
• a birational sequence (α1, α2, α1, α3, α2, α1);
• an integral weight function Ψ as in Example 5.8;
• a Ψ-weighted opposite lexicographic order on N6.
Let es2(ω2) denote the set of the corresponding essential multi-exponents in
V (ω2):
es2(ω2) = {t1 = (0, 0, 0, 0, 0, 0), t2 = (0, 1, 0, 0, 0, 0), t3 = (1, 1, 0, 0, 0, 0),
t4 = (0, 0, 0, 1, 1, 0), t5 = (1, 0, 0, 1, 1, 0), t6 = (0, 1, 1, 1, 1, 0)},
and the basis
Bω2 = {e1 ∧ e2, e1 ∧ e3 = f2 · e1 ∧ e2, e2 ∧ e3 = f1f2 · e1 ∧ e2,
e1 ∧ e4 = f3f2 · e1 ∧ e2, e2 ∧ e4 = f1f3f2 · e1 ∧ e2, e3 ∧ e4 = f2f1f3f2 · e1 ∧ e2}.
Let Γ2(ω2) be the essential monoid associated to ω2. The dual essential basis
elements are related to the Plu¨cker coordinates by:
p[12] = ξω2,t1 , p[13] = ξω2,t2 , p[14] = ξω2,t4 ,
p[23] = ξω2,t3 , p[24] = ξω2,t5 , p[34] = ξω2,t6 .
In the associated graded algebra, we have:
ξω2,t2 · ξω2,t5 = ξ2ω2,(1,1,0,1,1,0) = ξω2,t3 · ξω2,t4 , ξω2,t1 · ξω2,t6 = ξ2ω2,(0,1,1,1,1,0).
This implies p[13]p[24]−p[14]p[23] = 0, which defines the toric variety SpecC[Γ2(ω2)].
It is a toric degeneration of Gr2(C
4).
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8.3.3. The Lusztig polytope. We fix the following data:
• a birational sequence (α3, α2,3, α1,3, α2, α1,2, α1) arising from the reduced
decomposition w0 = s3s2s1s3s2s3;
• an integral weight function Ψ as in Example 5.8;
• a Ψ-weighted right opposite lexicographic order on N6.
Let es3(ω2) denote the set of the corresponding essential multi-exponents in
V (ω2):
es3(ω2) = {r1 = (0, 0, 0, 0, 0, 0), r2 = (0, 0, 0, 1, 0, 0), r3 = (0, 0, 0, 0, 1, 0),
r4 = (1, 0, 0, 1, 0, 0), r5 = (1, 0, 0, 0, 1, 0), r6 = (0, 1, 0, 0, 1, 0)},
and the basis
Bω2 = {e1 ∧ e2, e1 ∧ e3 = f2 · e1 ∧ e2, e3 ∧ e2 = f1,2 · e1 ∧ e2,
e1 ∧ e4 = f3f2 · e1 ∧ e2, e4 ∧ e2 = f3f1,2 · e1 ∧ e2, e3 ∧ e4 = f2,3f1,2 · e1 ∧ e2}.
Let Γ3(ω2) be the essential monoid associated to ω2. The dual essential basis
elements are related to the Plu¨cker coordinates by:
p[12] = ξω2,r1 , p[13] = ξω2,r2 , p[14] = ξω2,r4 ,
p[23] = −ξω2,r3 , p[24] = −ξω2,r5 , p[34] = ξω2,r6 .
In the associated graded algebra, we have:
ξω2,r2 · ξω2,r5 = ξ2ω2,(1,0,0,1,1,0) = ξω2,r3 · ξω2,r4 , ξω2,r1 · ξω2,r6 = ξ2ω2,(0,1,0,0,1,0).
This implies p[13]p[24]−p[14]p[23] = 0, which defines the toric variety SpecC[Γ3(ω2)].
It is a toric degeneration of Gr2(C
4).
8.3.4. The polytope arising from quantum PBW filtrations. We fix the
following data:
• a birational sequence (α1,3, α2, α2,3, α1, α1,2, α3) (in fact we can take an
arbitrary birational sequence containing all positive roots);
• an integral weight function Ψ : Z6 → Z determined by: form = (m1, . . . ,m6) ∈
Z6,
Ψ(m) = 3m1 + 2m2 + 2m3 + 3m4 + 4m5 +m6,
as in Remark 6.17(5);
• a Ψ-weighted lexicographic order on N6.
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It is shown in [25] that the essential basis associated to these data coincides
with the one arising from the classical PBW filtration (Section 6.4).
This integral weight function Ψ endows degrees to the Plu¨cker coordinates as
follows:
deg(p[12]) = Ψ((0, 0, 0, 0, 0, 0)) = 0, deg(p[13]) = Ψ((0, 1, 0, 0, 0, 0)) = 2,
deg(p[14]) = Ψ((0, 0, 1, 0, 0, 0)) = 2, deg(p[23]) = Ψ((0, 0, 0, 0, 1, 0)) = 4,
deg(p[24]) = Ψ((1, 0, 0, 0, 0, 0)) = 3, deg(p[34]) = Ψ((1, 1, 0, 0, 0, 0)) = 5.
In the Plu¨cker relation
p[14]p[23] − p[13]p[24] + p[12]p[34] = 0,
deg(p[12]p[34]) = 5 = deg(p[13]p[24]), but deg(p[14]p[23]) = 6.
Hence in the associated graded algebra, p[12]p[34]−p[13]p[24] = 0, defining the
toric variety SpecC[Γ1(ω2)]. It is a toric degeneration of Gr2(C
4).
8.3.5. Remark. We have seen four different approaches to degenerate Gr2(C
4)
into toric varieties. Due to the fact that the dimension is rather small, it turns
out that all these approaches are giving isomorphic toric degenerations. This can
be easily verified as the defined polytopes are unimodularly equivalent, which does
not hold in general.
For example, for the Graßmann varietyGr3(C
6), the toric degenerations arising
from the PBW polytope described in Section 6.4 and from the string polytope in
Section 6.1 associated to the reduced decomposition
w0 = s1s2s1s3s2s1s4s3s2s1s5s4s3s2s1
are not isomorphic since the corresponding polytopes are not unimodularly equiv-
alent [36]. More on the Graßmann variety Gr3(C
6) can be found in Example 9.2.
9. Toric degenerations and cluster varieties
A new and different approach towards toric degenerations has been suggested re-
cently by Gross, Hacking, Keel and Kontsevich [46] in the case of cluster algebras
which satisfy certain additional properties. The authors believe that all the ele-
mentary constructions of toric geometry extend to log Calabi-Yau varieties (with
maximal boundary), and they prove many such results in the case of cluster vari-
eties. As a guiding example for the connection with flag varieties and their likes,
one should have in mind C[SLn/U ]. By Geiß, Leclerc and Schro¨er [39], it admits
a cluster algebra structure, and by a recent preprint of Magee [71], has the desired
additional properties. To go into all the technical details would blow up the frame-
work of this overview, so we will only give simplified versions of the statements and
restrict ourselves to some special cases. Especially we will only consider cluster
algebras of geometric type, i.e., with the exchange matrix being skew-symmetric.
For more details on cluster algebras see also [34, 39, 87].
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9.1. Cluster duality and mirror symmetry. To see the connection between
the ways polytopes show up in Section 5 and how polytopes show up in the cluster
context, let us start with a recent article by Rietsch and Williams [79]. The
authors do not discuss degenerations, but their approach is inspiring to see how
cluster algebras and toric charts can help to understand the connection between
two very different ways of looking at polytopes.
Rietsch and Williams investigate the case of X = Grn−k(C
n), the Graßmann
variety of (n − k)-dimensional subspaces of Cn. They consider coordinate charts
on X and the “mirror dual” Graßmann variety Xˇ := Grk
(
(Cn)∗
)
, respectively.
The charts on both sides are obtained from a choice of combinatorial objects, a
reduced plabic graph G with trip permutation πk,n.
The coordinate system on X is given by an injective map
ΦG : (C
∗)
PG → Grn−k(Cn) (17)
constructed in [85]. Here PG is an index set for a certain set of Plu¨cker coordinates
read off from the graph G by a combinatorial rule. The image of the restriction of
ΦG to (R>0)
PG is the totally positive Graßmann variety in its Plu¨cker embedding
and thus Rietsch and Williams refer to it as a positive chart.
To each positive chart ΦG and r > 0, the authors associate a Newton-Okounkov-
type polytope NOr(G). They define (similar as in Section 5.11) NO1(G) as the
convex hull of certain lattice points which correspond to the vanishing behavior
of sections of the line bundle L, the ample generator of PicX . For any r > 1,
NOr(G) is defined to be the r-fold Minkowski sum of NO1(G).1
It is known [80] that the homogeneous coordinate ring of (the affine cone over)
Xˇ admits a cluster algebra structure. Each cluster x = (x1, x2, . . . , xm) of this
cluster algebra gives rise to a toric chart on Xˇ
Xˇx := {y ∈ Xˇ | xi(y) 6= 0, 1 ≤ i ≤ m}. (18)
The index set PG labels a collection of Plu¨cker coordinates that form an entire
cluster (recall that in general there will be many clusters where the variables do
not consist entirely of Plu¨cker coordinates). Therefore, from (18), we get a map
Φ∨G : (C
∗)
PG → Xˇ (19)
called cluster chart which satisfies pν(Φ
∨
G ((tµ)µ)) = tν for ν ∈ PG and pν the
associated Plu¨cker coordinate.
In mirror symmetry the mirror of the Graßmann variety X is a Landau-
Ginzburg model, which can be described as the pair (Xˇo,Wq), where Xˇ
o is the
complement of a particular anticanonical divisor in the Langlands dual Graßmann
variety Xˇ, andWq is a regular map on Xˇ
o, called superpotential. The image of Φ∨G
lies in Xˇo. The condition of the tropicalized version of the superpotentialWtr ◦Φ∨G
(i.e., the superpotential written in a cluster expansion in terms of the cluster con-
sisting of Plu¨cker coordinates on Xˇ labeled by PG and replacing the q-variable by
1The polytope NOr(G) is contained in the Newton-Okounkov body associated to the line
bundle Lr , but may be different from it.
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tr) to have non-negative value gives rise to a set of linear inequalities defining a
polytope QrG .
This is the important difference between the two constructions of the polytopes.
In the second procedure the description of the polytope is given as the intersection
of half-spaces while in the first procedure the description of the polytope is given
by taking a convex hull of a set of lattice points. The main result in [79] is:
Theorem 9.1. The two polytopes NOr(G) and QrG coincide for all reduced plabic
graphs G with trip permutation πk,n and all r > 0.
More precisely, for the respective charts (17) and (19) associated to a partic-
ular reduced plabic graph G0 Rietsch and Williams prove that NOr(G0) and QrG0
coincide. Moreover, they claim that one can show that the polytopes are uni-
modularly equivalent to Gelfand-Tsetlin polytopes for rωn−k, where ωn−k is the
SLn-fundamental weight corresponding to the Graßmann variety X . To switch
from one chart to another, one has a combinatorial procedure which describes how
to transform one reduced plabic graph with trip permutation πk,n to another. This
induces a piecewise linear map describing how to switch from one associated poly-
tope to the other, called a tropicalized cluster mutation. They show that if G′ and
G′′ are plabic graphs which are related by a single move, then the piecewise-linear
transformation relating NOr(G′) to NOr(G′′) is the same as the piecewise-linear
transformation relating QrG′ to Q
r
G′′ . It follows that for any reduced plabic graph
one has NOr(G′) = QrG′ .
Example 9.2. We consider the Graßmann varietyGr3(C
6). In [79] it is shown that
the Newton-Okounkov-type polytope associated to the particular reduced plabic
graph G0 is unimodularly equivalent to the Gelfand-Tsetlin polytope GT (ω3). By
performing a tropicalized cluster mutation on the unique square in this particular
plabic graph (see Section 6 and 7 in [79]), one obtains a Newton-Okounkov-type
polytope which is unimodularly equivalent to the polytope given by the following
15 constraints:
T (ω3) :=
{
(xi) ∈ R9 |
−x9 + x5 ≤ 1 ; x2 − x5 − x6 + x9 ≥ 0 ; x4 − x5 − x8 + x9 ≥ 0
−x4 − x7 + x8 ≥ 0 ; −x2 − x3 + x6 ≥ 0 ; x1 − x4 ≥ 0 ; x1 − x2 ≥ 0
−x2 + x3 ≥ 0 ; −x4 + x7 ≥ 0 ; −x1 + x5 ≥ 0
−x1 + x2 + x4 ≥ 0 ; −x1 + x2 − x5 + x8 ≥ 0− x1 + x4 − x5 + x6 ≥ 0
−x1 − x2 + x6 ≥ 0 ; −x1 − x4 + x8 ≥ 0
}
.
This polytope is normal. It is neither unimodularly equivalent to GT (ω3) nor
to P(ω3) (Section 6.4). The polytopes T (ω3) and P(ω3) even share the same f -
vector. Up to a unimodularly equivalence, this polytope T (ω3) can be realized as
an essential polytope associated to some birational sequence and appropriate total
order.
Applying mutations on the reduced plabic graphs ([79]) gives rise to 34 different
reduced plabic graphs, and the associated Newton-Okounkov-type polytopes have
6 isomorphism classes. Five of these classes appear in the framework of tropical
Graßmannians [83] and can be also realized using the construction of birational
sequences.
Example 9.3. We consider the Graßmann variety Grk(C
n) and the particular
reduced plabic graph G0. The Newton-Okounkov-type polytope associated to this
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plabic graph is claimed to be unimodularly equivalent to the Gelfand-Tsetlin poly-
tope GT (ωk) for SLn ([79]). This plabic graph corresponds to a seed s with cluster
{pJ1 , . . . ,pJs} in the cluster algebra structure on Grk(Cn) ([80]), where pJr is the
Plu¨cker coordinate associated to Jr ∈ Ik,n. Let J∨r ∈ In−k,n be the complement
of Jr in {1, 2, . . . , n}. The set of Plu¨cker coordinates {pJ∨1 , . . . ,pJ∨s } satisfies the
maximally weakly separated condition [75], therefore it is the cluster in a seed s∨
in the cluster algebra structure on Grn−k(C
n), hence corresponds to a plabic graph
Gm0 .
It is proved in [23] (see Conjecture 1 in [21]) that the Newton-Okounkov-type
polytope obtained from the plabic graph Gm0 is unimodularly equivalent to the
polytope P(ωn−k) (see Section 6.4) for SLn. This provides a duality between the
Gelfand-Tsetlin polytopes and polytopes arising from PBW filtration in the case
of Graßmannian.
9.2. Cluster varieties, toric charts and Langlands dual. The basic objects
in [46] are cluster ensembles introduced in [33] and related spaces. To define
these varieties, the definition of a cluster algebra is reformulated, not including the
cluster variables in the seed datum but rather defining it coordinate free. Recall
that we assume for simplicity our cluster algebra to be of geometric type. A seed
datum consists of
• a lattice N with a skew-symmetric bilinear form {·, ·} : N ×N → Q;
• a saturated unfrozen sublattice Nuf ⊂ N ;
• an index set I with |I| = rankN , Iuf ⊂ I with |Iuf | = rankNuf ;
• the dual lattice M = Hom(N,Z) to N ;
• a basis s := (ei | i ∈ I) of N such that {ei | i ∈ Iuf} is a basis for Nuf .
For a choice of seed s we further obtain a dual basis {e∗i } for M . To a seed datum
s we associate two tori in the spirit of (18):
Xs = TM = SpecC[N ] and As = TN = SpecC[M ].
For a seed data we can define a mutation of the seed data in direction i for all
i ∈ Iuf . The (ei | i ∈ I) change according to the usual exchange relation given by
the matrix of skew-symmetric form with respect to that choice of basis {·, ·} (see
[35], Equation 2.4) while the e∗i change according to the Y -seed mutation (see [35],
Equation 2.3). This induces birational maps on the associated tori. We define the
X and A-cluster variety by gluing the tori obtained by all choices of seeds using
these birational maps. The pair (X , A) is called a cluster ensemble in [33]. We
define
A∨Γ := XΓ X∨Γ := AΓ. (20)
Example 9.4. In the case of the Graßmann variety the positive charts (17) in
Section 9.1 are instances of charts for an X -cluster variety and the cluster charts
(19) are instances of charts for an A-cluster variety.
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The X -cluster algebra (A-cluster algebra) associated with a seed s is defined to
be Γ(X ,OX ) (Γ(A,OA)). The A-cluster algebra is usually called the upper cluster
algebra (see [6]).
Often the coordinate ring of a variety X has a cluster algebra structure, but X
is not a cluster variety in the sense above. In these cases one tries to establish X
as a partial compactification A of a cluster variety. An example of such an instance
is SLn/U , which can be thought of as a partial compactification of the double
Bruhat cell Ge,w0 (see Example 9.5).
Example 9.5. Let G = SLn(C) with Borel subgroup B
+ the subgroup of upper
triangular matrices, and let B− be the opposite Borel subgroup of lower triangular
matrices. Let U be the unipotent radical of B+. For u, v in the Weyl group W
of G, the double Bruhat cell Gu,v is defined to be Gu,v = (B+uB+) ∩ (B−vB−).
It has been proved by Berenstein, Fomin and Zelevinsky [6] that the coordinate
ring of any double Bruhat cell in a semisimple complex Lie group is naturally
isomorphic to an upper cluster algebra. Further the double Bruhat cell Ge,w0 is a
cluster variety. There is an open embedding of Ge,w0 into G/U given by g 7→ gtU .
One can view G/U (up to codimension 2 differences, but this does not affect the
corresponding coordinate rings) as a partial compactification of Ge,w0 , afforded by
taking frozen variables to 0. So the coordinate ring of G/U inherits in a natural
way a cluster algebra structure from Ge,w0 .
Let ZT denote the tropical semifield Z with operations “max” and “+”, and
for a cluster variety A let A(ZT ) be the ZT -valued points (also called the tropical
points). Whenever one fixes a seed s, then one gets an identification of A(ZT )
and X (ZT ) with the corresponding underlying lattice N respectively M (see [46]).
Nevertheless the tropicalized versions of the birational mutation maps induce only
piecewise linear maps between the various identifications, not linear maps. The
idea behind the approach of [33], [46] is that despite this many of the elementary
constructions in toric geometry still work. For example, the coordinate ring of TN
has a canonical basis, the characters of the torus, which are canonically indexed
by the character lattice M . Correspondingly, the algebra of regular functions on
A should come with a canonical basis indexed by the tropical points in X (ZT ).
This is the Fock-Goncharov-conjecture in a weak form. Similarly, for every fixed
seed one has an identification of X (ZT ) with the underlying lattice M . Again, the
identification of X (ZT ) with the lattices associated to the various charts induce
only piecewise linear (and not linear) identifications.
9.3. A canonical basis and polytopes. Although the Fock-Goncharov-con-
jecture is false in general (see [45]), in certain particularly nice cases, the cluster
algebra comes equipped with such a canonical basis as mentioned above. Con-
jecturally the construction of a canonical basis in [46] holds for a large class of
cluster algebras of representation theoretical interest, for example for all G/U , G a
semisimple algebraic group. We would like to emphasize that this construction is
about cluster algebras, the construction of the canonical basis in [46] works without
any representation theory. The question whether the construction above provides a
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basis or not is related to the question whether the full Fock-Goncharov-conjecture
holds for the cluster variety respectively its partial compactification.
At the moment it is known to hold for SLn/U (see [71]). In this case the
cluster variety is the double Bruhat cell A = Ge,w0 and we consider G/U as a
partial compactification as in the example above. In this case the coordinate ring
of the cluster variety A comes equipped with a canonical basis B constructed in
[46]. The elements of the basis are naturally indexed by the ZT -valued points
(the tropical points) of the mirror cluster variety, which is in this case the cluster
variety X . Now viewing SLn/U as a partial compactification of the cluster variety
A, this endows the mirror cluster variety X with a canonical potential W . The
tropicalization WT : X (RT ) → R is a piecewise linear map, and the condition to
be non-negative: {x ∈ X (RT ) | WT ≥ 0} cuts out a tropical cone. This means
that for any choice of a seed and the associated identification of X (RT ) with a real
vector space and X (ZT ) with a lattice, {x ∈ X (RT ) | WT ≥ 0} is a (usual) cone
in a real vector space. A beautiful consequence of the theory is:
Theorem 9.6. [46, 71] The integer points in the tropical cone defined by the
condition WT ≥ 0 parametrize a basis Θ of the coordinate ring of the partial
compactification A = SLn/U .
This description resembles that of the string cones (see section 6.1), whose lat-
tice points parametrize the canonical basis constructed by Kashiwara and Lusztig.
Indeed, Magee has shown in [71] that for a particular choice of a seed (and the
corresponding identification of X (RT ) with a real vector space) one obtains a cone
which is unimodularly equivalent to the Gelfand-Tsetlin cone. Gross, Hacking,
Keel and Kontsevich conjecture that all string cones can be obtained in this way.
We expect that among the cones which one gets via the construction of Gross,
Hacking, Keel and Kontsevich one will find many cones which are not unimodularly
equivalent to string cones and which are interesting for representation theoretic
considerations.
Let D be the fixed maximal torus in SLn. The canonical basis Θ consists of
eigenvectors with respect to the right action of D on SLn/U . Given a dominant in-
tegral weight λ, the irreducible representation V (λ) ⊂ C[SLn/U ] is a D-eigenspace
for this right action, and the intersection Θλ = Θ ∩ V (λ) is a canonical basis of
this representation space. On the combinatorial side, one can associate to λ an
affine tropical subspace of X (ZT ), such that the intersection with the tropical cone
defines a (tropical) polytope P (λ).
Theorem 9.7. [46, 71] The lattice points of the polytope P (λ) parametrize the
elements of the canonical basis Θλ ⊂ V (λ). Again, for a particular seed and
the identification X (ZT ) = M above, the polytope P (λ) ⊂ MR is unimodularly
equivalent to the corresponding Gelfand-Tsetlin pattern associated to the dominant
weight λ.
9.4. From polytopes and cluster varieties to degenerations. Let A be
a cluster variety. An important tool used by Gross, Hacking, Keel and Kontse-
vich is the principle cluster algebra Aprin. In terms of the notation introduced
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in section 9.2, this procedure glues together the A- and the X -cluster varieties
considering the new variables coming from the lattice N as frozen variables (i.e.,
treating them as principal coefficients). For details and the notation see [45]. The
dual Xprin is obtained the same way now taking the new variables coming from
the lattice M as frozen variables.
A choice of an initial seed s provides a partial compactification Aprin,s of Aprin
by allowing the principal coefficients to be zero. One gets an induced flat map
π : Aprin,s → An with A being the fiber over (1, . . . , 1), and the central fiber
π−1(0) ⊂ Aprin,s is the algebraic torus TN given by the seed s.
Each regular function f : Xprin → A1 has a canonical piecewise linear tropicali-
sation fT : Xprin(RT )→ R, which is conjectured to be convex. Roughly speaking,
this means that for any seed s and the corresponding identification of Xprin(RT )
with a real vector space, fT can be described as the minimum function for a finite
number of linear functions, fT satisfies a certain convexity condition, and a condi-
tion of the differential of the piecewise linear function is satisfied. These important
properties of convex piecewise linear functions imply:
Ξf := {x ∈ A∨prin(RT ) | fT (x) ≥ −1} (21)
is a convex polytope.
Assume now Ξf is bounded, rational, and satisfies an additional positivity
condition. One has a natural projection map ρ : Xprin → X with tropicalization
ρT : Xprin(ZT ) → X (ZT ). Let Ξf ⊂ X (RT ) be the image of Ξf with respect to
ρT , then Ξf is a bounded polytope with 0 in its interior.
With the help of the polytope Ξf and using a Rees-type construction for graded
rings, Gross, Hacking, Keel and Kontsevich construct a graded ring R˜ together with
a flat morphism
Proj (R˜)→ An, (22)
such that:
Theorem 9.8. [46] The central fiber of this map is the polarized toric variety for
the torus TN given by the polyhedron Ξf and the generic fiber is a compactification
of the cluster variety A.
The polytope can be chosen so that the boundary of the compactification is
very simple, a union of toric varieties [46]. As an example, the authors mention
the open subset Grok(C
n) ⊂ Grk(Cn) which is a cluster variety. Then generic
compactifications given by bounded polytopes give an alternative compactification
of this open subset in which one replaces certain Schubert cells (which are highly
non-toric) by toric varieties.
Gross, Hacking, Keel and Kontsevich [46] conjecture that all the constructions
of toric degenerations of flag varieties (and there likes) in [1] (see also section 4.5)
are instances of the theorem above. This would imply that for a given string
polytope one can find an f such that the generic fiber above is a generalized flag
variety G/Pλ and Ξf is unimodularly equivalent to the given string polytope.
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10. An outlook: conjectures and questions
We have presented several different methods to construct flat degenerations of a
flag variety into a toric variety. It is natural to ask for connections between them.
10.1. Cluster varieties and birational sequences. Having a birational se-
quence (8) π : ZS → U− for U−, the natural embedding of U− into G/B gives
hence a map π : ZS → G/B. As a variety, ZS is just an affine space AN contain-
ing a torus TN . In the case where it is known that G/B admits an open cluster
subvariety, it is natural to ask: under which conditions is the image π(TN ) a toric
chart for the cluster subvariety of G/B? If this holds, how does the choice of a
weighted lexicographic order (Definition 5.6) and hence the construction of the
global essential monoid and the associated Newton-Okounkov body correspond to
the choice of a regular function on the cluster subvariety of G/B (as in section 9.4)
and its associated polytope (21)? A first result in this direction has been obtained
by Magee [71] in the case of SLn(C) for a particular seed. Roughly speaking,
this problem is also related to the question pursued by Rietsch and Williams in
the case of the Graßmann variety: what is the connection between the polytopes
obtained by the Newton-Okounkov approach and the polytopes obtained using the
superpotential Wq ([79], see also section 9.1).
10.2. Properties of birational sequences. Given a connected complex reduc-
tive group G, it is natural to ask for a parametrization of all possible birational
sequences. The next obvious question is to ask for a characterization of those
weighted lexicographic orderings associated to such a sequence such that the es-
sential monoid is finitely generated respectively finitely generated and saturated.
We conjecture that the essential monoid is always finitely generated, independently
of the choice of the birational sequence and the choice of the ordering.
For applications it might be useful to have available all possible choices of bira-
tional sequences and weighted orders. Is it possible to characterize a special class of
birational sequences and orderings (like, for example, the PBW-case and the right
opposite lexicographic order?) which gives all T -equivariant toric degenerations?
Is it possible to characterize the polytopes arising from toric degenerations of flag
varieties, or, more generally, arising from toric degenerations of spherical varieties?
Schubert varieties and Richardson varieties are important geometric objects in
the representation theory closely related to flag varieties, it would be interesting to
obtain a characterization of those birational sequences which are compatible with
such varieties.
10.3. Generalizations. Is it possible to realize Chriv`ı’s degeneration (Section 3)
in a framework similar to that of birational sequences (section 5)? Is it possible to
extend the methods using birational sequences to affine Kac-Moody groups [29]? Is
it possible to generalize the filtration aspect to the setting of quantum groups [25]?
Some recent work in this direction can be found in [5]. As both have a Gro¨bner
background, it might be interesting to study the relation between the quantum
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degree cone [5] and the tropical Graßmannian [83], or, in general, tropical flag
varieties.
Instead of studying toric degenerations, one may also look at intermediate steps,
as, for example, the PBW-degenerate flag variety in [13, 28, 27]. A related class of
degenerations are the linear degenerations of flag varieties studied in [12], which
are degenerations of the flag variety as a quiver Graßmannian. In connection with
the cluster variety approach it is natural to ask whether it is possible to identify
these degenerations as a fiber of the flat morphism constructed by Gross, Hacking,
Keel and Kontsevich (see (22) and Theorem 9.8).
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